TOM ate ot ~~ senna < 
^ 0 : ا‎ [۳ 2 021:17. 1 eo ovr 


s -— -—— = s 











udi پت‎ e triplet (R, +,°) oY a Aystem (R, +.) A 

a nm- emph Ael aud thet t2 ave‏ ما Where R‏ ر 

in [Kus‏ سیت operations of additim and mull‏ ہے 

called a Awa if lhe ۸/۷۸ Cmdihms ave Aalicfred 

w (R, +)" i an abelian grup 

( (RK, +) IS ےه‎ Kemi — pap. ۔۔‎ 

(c) She Ceff amd Aight d bukue kaws hold w Ki. 
ee (b+c) سس‎ 
(btc) سو و۔‎ b.a +4 c-a C Right el'àfebufie honus) 





(Z.-) BB an abelian grap 

| (2 3t A pemi- gp 

and 
a.(l49) = a-htac Yabcez? 
(b4Y-a = beatec-a Ya,6,c€Zz 


2,):- She ef O of valianal numbers U akm i 
Unda. usual addim and multialicatim | 
3) She Act R of yedí numbers under usual , 

addihm and muh plication A a Ain E 
: 4 ) = The C of Cam plex numbers unde Usual a 
ddditim and mulfplicahion of Complex numbers iá | 





a jing ۱ | 
Herve. ài, be E Z 
Jz Atty- a= Ur4ethr 
Bit += (uir dM) d ı (JI tz) | X X 
amd Af. = Orton n) = On a) nere | 
a iy, | 





Le C be the set f all corfinuna ||‏ بلق ات 


feal Valued Fumetions defined m fa €]. 
Define edelilim cmd mulbplication ab 


Follows i ~~ 
Fo fige Co 
Fy = fo + Vrela v) 
die anda 


FO = ںو بط‎ Yel 

H eye | adde (dent is (he 0 

| Qe 4] mE K Kuch that 
Q(x) = o Vx€ [a tJ 


ko for each fe C , the Tuch 
C f:ia oR defined by 


p NGL = - f  Vxe[a V 
each fe LG Vni سس‎ 


(f-f) (49) = Ox) L410 Vx € [a b] 
Also p" fq é b cul 
(f+) = fo) go 
= 80) t ftw 
B = (FF) 
ie چو واھ‎ 
Hene TC ÙO Commutahve Sina ` 
6):- Fhe Act E f even integers D a 
Aung under (fe usual | addilim and 
mull سو عو‎ 





| 


ہے cape. The AL.‏ 
الگ کر رق راہ LEE s‏ سے 


E e ۔‎ - 


Aa , e - d‏ 0ی تا 
moduh 6 7 Un eie the addition. ancl mu lfiphication‏ | 


The ad زان‎ h ہو‎ and multiplication tables die di 


Additim Takle i 


ا 
rx‏ 
Q‏ 
۱ 
4 
3 
ay‏ 
= 
b Yr‏ 
اقآ رم 
O $‏ 
2| 4 





4 
3): The Ael ef nxn matyicer . wih adelifim, 
amd malh plication of malicas as [ke two ۲ 
C amposrlrens ر‎ ÖD a kmg then lhe elementi are. 
numbers ۔‎ hich ane taken Fram any fng of numbers 
like Q or C etc. TEN 


Uni ok Identity of Kings 


Lf y? element ` (O) of Vin 2 à called 
amit (ov an rdenliy ) of K if ae =ea-=a ۷+ 
| Identity clement of a TU R» if (/ e xinh 
2 umque- J ا‎ Customerary Lo olemote lhe ani by of 
Hing bs A > | 





Fee marks (a): -Jt is Clear van de finifi m liat 
2/۸ if a Yin K has uni ly e, 2 maf not be 
oli fferent From gero € oo 1 Hower if R he4 af 
least two element amd R has uni, ر‎ hen ct 
must be auff event from CO, 

(b): he nul fplicahve token lly demoted! 

by 4 must wot be Confused LA ffe teg er ome. 
also donated by 4 


[rd King With nif \ 
f xin having K hanny e mulhplicanve 


idemlily element f Called” d ring ںے‎ 
identity eleme»! OR 7۷ ny unity - 


a Compl مم ک‎ 


De Jhe Aing of all integers 4 one wilh Unily 
buf hal of all even integers tA me what 
unity - 





A): im The VNA of nx he malhices. Wilh elemenk 

AA val mal numbers A one coih UM, : lhe | 3 
dia mel malis wilh each drag anal ae | 
to -b te wil of fhe سے‎ 


+ Inversible سس‎ (m a King ¢ 


Lf K Ka مر‎ tarh Unity , Then am eleme 
ae KR l$ Called iw 


vovsible ox unvertible if 
heve emits cow element b ER Such Maf 
ab = | p 
he ےآ کل‎ 


ic i 
).e an element سم‎ K- hasis mu lercahive 
mise im RK called “mvertible dy aversive - 


Sramples +‏ بد 
D: h FA, A= ) €‏ 


AB = 
4) 4 d -l are ont, fas 0 Nm 4 the Ang f| 
integers 


a) XY” malic 
Ob] vere 


maf C eA 


tor lh nm- $^ oletoy mina kK ave. the 
element Æ (he ring ef nxn 
CA Asal numbers os elemenk - 


Le f 2670 Divisor divisor of aere) 
Let R be aring. A nm- gere elemenf (i-e 
am element A+ 0 of R) of R i$ Called Leff 
dero alivrsov rf J 1 elemen b +o of R. s. f. 


aoo 





" | Ain ہے‎ Ato $ aring R k called 
"Lai ge due iF F aw elemen! feo aK 
Auch. that 


ba = o 


Zero [wor of 2 رک‎ 


Al 2m - 46 element of vinga K tu lath 7 
a Left ( رر‎ fero divisor Is caed proper fef] 
( ov 7347) Avo divisor of R 
A nm - Zéro element of a 7777 A 
which 1S C1 Th ey deft OY e ight gero c/vi$or 1S 
Caled a Prepe zeo divisor of R. 


harks z Trivially if a Avia K Cont ass atleast 
fwo elements, hem o fs a left a4 well as ght 
30 clivisor of K. O Uu called Trivia aevo elivisav 
ef R. 


#Cotampls# —— 
1 4» ral , deb Aas - 
E EH 
AB => 32 ر ر‎ where AFO ,6#O 
2) ke Zg- fo, 1,2, 5, 4,6] 
Th en ALS 54 ave Auch lhaf 


ASR = ہي‎ e (mod 4) 
Z. 4 = l2 Zo ( mod €) 


x 


Z : 
without Zero Lvisors 





(] King ۴ thich Comtains ns Prope Aight | 
o Left eve eliy&as is called a hing toilhaut 
ge olivisors (45 called) te a kin R is Called 
boith out 30۵0 oll visors d fie produc ef th no Zoo 
nm= Aero elemenk Is $9? 7: € گر‎ e 
abo => deo € bao ¥6 


Commutative King # /‏ سا 


Al s yin (R +, J) کا‎ said to be ںمبرہہوں ح‎ lx hne 
if Me | opevahan q multiplication un it Commatative - 


+ 7 oLammf e S 


1) The rings. (Z + jJ, Olt, .) (A, +- *) (C+ +) 
ave Canmalahve Rings 
2) The set E 7 Even numbers ۵ Comme afit 
Amg Qi ad uni LL fhovre.— tk a eue ہے ےگ مرن‎ 
e pud lat  e$q-jgeeg VIEE 
3): ohet F demite. be fet all mappings F:R—>R 
fud lal fi Can hnuuna ہو‎ K (^ | veal numbers) - Then 
Fù Commutatue Ai under the additim $- 
mmu lh plicafr m defined by 
Fey = رو روک‎ Yne 
(fuo = Foy gy x € f. 


` Jheorems A ving R ( Commutative ving AJ 
d T Diod gero divisors ff Cancelah ہو‎ cuss 
\ held m Rat e uoi 


| R U without rO Avis s کے‎ Cancellation Laws hol 
“mR | 









7 Suppose tiat R u what ger? 
divisors - 








a, bc €. KR Auch thal 
ab ac | i dF 0 
Then ab ac 
کے‎ a(b—c) e ES 
Als سر‎ Cf dut óc? divi gars qa € K, 
(L-c)ER 
Jhevef re Ato , hl-c- Oo. 


= boc 
Similarly m 
Q +o ba = Ca 
| stes. c 
: “Thus candala, dicha holds y» 
mers ose thal Cancellation fraw 
Á els ei] tp | 
- ad a, L E K Such ial 
ab — oO ado ) L +o 
Nas | | 
ab = OR = QO. 3 
> beo 
V) Cmtradicti m . tence Ris without aero 
clivisavs - 


Theorems H. R IS a "a, hen foalla,beR 


(J:- dO = Od zo 
(1U:- ah) = (-a) b=—ab 
(iii): - له‎ (-b) = ab 
If và addilim R has uif ekment 
4,2 Them 
(9) (Va =-a V: (Yl) = 4 


e Ed‏ لس 
[mf‏ 


(à: Fe ala€K, aoe 






a(0o40) — 
RTT لے‎ l initia oe O-A ( Dish Laus) 
Suice (R +) Aa tym ; | 
Therefore — qaAO0O = o (By m Verse Property ) pgs 
Similarly - Od 2 ۔-م)‎ ۹ ee ! 
نے ئن‎ . = 0a+t+od 
سکم‎ o) 24 Od zz o د چا سی‎ 
Thus dd = od =o Va ER لچ‎ 
d ^ adole ہلا‎ 
= al^. + CU] =O 
=> ab +a(-b) = © 
1ھ‎ l Tyi a(-b) = -ab 
Stnuilarl (ea) +a]b = ہے اہ‎ 


^ Cab+ab = o 
> a) b = — ab 
)۸(:- (CACY = - Jatt) by wy 
- = — (—aL) 
uda 


// Z 


(IV) :- Suppose R has Umi elemenl 4, lher 
a 4(-Ud = 4-a + (Ja 
= [i+ و (رے‎ 
ed 


=> (Ua 
W- When a=- w (W, hen 
(VEY) =-() = 1 





1c 


Benahi لا‎ ame, K k a ving ah 
uml, 1. and dao .hen R = (o) 


Efe. tf ef 96 €. K 
E Thin X= AM = 0X =0 by (i) 
So 7 = (o) 

| Thus if A Yin corfh unity has at leas 
tuo element Thon 1 + o - So to avoid trivial 
Situation , Ehe» ue Aay lhat R rs Yin woth umy) | 
s hen this means Ihat th Unily 4 mal equal ta T 
Aero s} ving R.: 


Jheore mz Ín - Wn hk wilh unity رگ‎ 
Units form A Aub — jup of Sem- frm pef, : 


225, E Let S be lie set of umils . 
Clearly —| 14.12 4 2 LES 
Considey a,bes 
Then J C,d € S Such that 
0-6 - ٥-١ bd=db=, 
Then (ab)(dc) = a(bd)c = A4czacez! 
Similarly (dc) Lab) = d(ca)h— diL-Ll 
Thus ab ù a umit Clement in R 


So abe s 
obviously c= à ta unl 
ہہ‎ a € 8 


Hence ÑN ù a kub- grop of ماک‎ +> 


\Unit Clement in a Kina f 


Qn element haya mulbplicahve onverse is 
Called a umt Clement mM fe VRG. 





حم 


Froblem# Let R be arm Tf xax ۷۴۸ 
ر‎ Then Prove. hat Ris Conmulahve . Ying 
Soule 4 E | 
Step-T | 
F or LER. 
(—x) =x (As نہیں‎ Candie 
ex) CX) =- 
= —2JC 
A. — —X (i x= × | yxe&] 
Słep— g | 
(a +b)* — a^a ab + ha 4b 
Q-—-—-cd + ab + ba +b (zaa, = 
جو لے‎ = ab+bLa 
ab = —ba 
ab -ba 


UM 


bo 2 2 = - ×۷ Vx €& | 

det R bea sylem alofaina all /h‏ ہج 
lhe possible excep ' M /‏ 1 ان Postulates fo xina‏ 
bza . ere red me element CER‏ ۔ a Ab‏ 

Such thal ace bl = a=b a,beR, Prove 


that Ris aring: 





Foof # (ath) (C+C) = alete) Abe o 


= ac +lac+bc) 4 bc. 


— ag «(ac4bc) thc —0 
Again (ath) CC * 9 — (a+b) e + (a+b)c 


= ac A(bc ac) thc. — (9 


12 


- , — > . - e 


By 0 LO 
تاس گل‎ € E be = Ac. ca 

= (a4b)C = (b-a)c. 

= ath = bta. (By he propad 


Hence R £ aring i ۱ 
f [rob lem Lá Ma ving R j x x Yue یت‎ 
then Abas that 0 A Commutative 


Solu tian ٭‎ fo all x4 € k 
کے( × ل‎ ts لسر ا ر وہر‎ | 


O (Uxlar > wre xt)‏ ہے 


Thus راہ‎ ayant ے‎ (x — x*3x) =o 
E رچے‎ ny = 2*1 x T 
Similarly ےنا‎ get ے4ل‎ x34 x = e 
tence. x^ سے‎ Hat Set) 


3 
Further ( n>n) — ^x 


Bi L 
= nl 3 (1) = × ہت‎ 
ہے‎ «^ —X و‎ ois "Cups C: ےت‎ A) 


T7 LS 2x t3x* — Oo 
کی وع سی‎ E 
Finally (ain) = a! 335 4-x* 


3x^ — 2x — x^ 

3X Iy —X (5€) 

- X — ^ —> 0 

DEERE AA x) j — g دوس‎ | 
سرت‎ cee 4 (6-9 (44 رھ‎ 


Delali + Lf or xJ ER [x £440] = x ( 444^. | | 


ہہےہ س س 


x4 2 pc (mg .ا(9 راغ‎ 


Eb H Kk aAwa wih unity opas xt : 


13 


LE ie ag m ACE. 


f all x,3 € IC hm Ris. Cammutatve 


=> (x ex). = A Cf 23). 
— MPN + H's oc y nad 44 
وت“‎ COD A B Ep رون‎ — pact Eat 
Keplacues X- by ttl We qet H 
(At) 409) = ut 
= (49 49) (wt) = (62 
5 AJL TAJ AIX = x^p-e2 EY 


Xj ے‎ 6 (Uds x= x 1) | 
Thos my ayn. uj ER 
= K à Commutative برض‎ 3 





Boblem# Prove frat PA am elemenl of | ü ving 
Qi unily has move than me right m verse, Me 
Kel fF wives Ù nof کے‎ ۱ 


Ouf y Console the Bef iS of right merses -9 
am element aéK pe w Ni 
ias 1 xt€K fax =|} 

x beg 2 fined. element 4 > 
pups “es t git-| + | LES) 
Sma ورس‎ -  +ل(‎ = (awa — aro 
; = Ja a c> dy = | 





l =>. alph Aa Aight muese ofa 
| => —Xa-|4À € $. 
a سی‎ | TS 


—Defuie - a mapping f: S—T by 
۱ : (x) کیچ‎ 
Obviously f ù mto A N 


nen. 
Also—— 
Hef fx) = fS) 
= *Xa-I4À =۹ =1 لو4‎ 
ھ ہے‎ TLCS = 4a 2: 
- MAK. =YAX. — 
= Ma) x = (ax) 
= xCax) = (ax) 
لد کل‎ 2m 1ج1‎ 
— X— ues 
Thur fau Ms |) mappi và 
lf M Fade ر‎ then Ist -7 
چا ھا‎ 
3 
1مک‎ SES, eT and fo = ga-14À 
To. m و ی‎ 
Za=| but ges ڑھ ہے‎ > | 
۴ ZA = وه‎ =| 


— 


mut haue enactly me visht mverse. Thi بن‎ 


against the. ^4polhesit Mal sæ, har mire Das 
oM e. "qst in Vars ej . Hence. Sta nota fife Bef. 


d U d umit element and as Sach d 


SUCCESS ° 





X The Coultnucus sh عو‎ is, the. best avenue to 


d — A Nn-emply Sel and Ris a‏ 9 ہروا اکا 


ed 


Sina. det X be the Aef of all لی وروگ‎ ms From S 


|| as under 


477۸۰ عم‎ foqge * define feg and f g 


Ea all xe ر۸‎ (Fra = ftx) + g 
amd (Faw .0و مس‎ 

| Shas [hat iundey | these binary Comm positions Xa 
a Aina. Further If R 1s Conmutakve, then 
X ی۵‎ Conmutahve VV 


SHNA Jhe پھر‎ W: S — »R defined ly : 


definitly m X, Áo X U A nm- empi]‏ ما 


Clearly If fig €X, frg and. f-3 g! vent 
by f+ 4) (x) = Fin) + glu) f EDO = f). gC 


HEX 
are alo uw پر‎ 


[ (F+4) th Jw = (F9) (4) + fX) 
| | = Fu) € 3) + h(x) 


- T, *[809) t4] (b) eo cce oye 
haw u Ñ) 
> F + ) tW 
= (Ft gra Joy 
3 Ftyt+h= ftu) 
Also _ +4) Oy f) + 9 00 E 
= IW + ftx 
| Lo (3 *f£)(9 
Fa cde 


Jw v 


1 
' ۹ " 
‘ $ — سنت ب اتا ھی‎ : 
ق‎ o سى‎ A 
i 1 . s h^ 
I & res æ 3 z- 


— M 9MáÀ Mt ——— جت 0ھ‎ 
i j 
| | 
| I 


K 


ہے Again (Xa 22) (= Fn) t LICK)‏ سے 
JO Xs. prede‏ 8607 کے ہش 72 poe s loud bee Y‏ 


= ES e ftn) Yue = ا‎ - 
"TEENS LEFEX 
NEU en ct ئا مد رما خی‎ 
Defme fS — R by, DRL Mn 
ری‎ = = RA VAES 
Thew ۷ ×6 s f+ fi) (a) = ftx) 12/078 
= Aum 


Eth = x 
2 —fk ^ addifive muse f f 
3 Finally [f C3*5]09 = Fw [gt] 
= fw [ qw 09] 
= fin Caw to] 
= fu) 800-4 fy f(x) 
= Fay tA) 
-( روم‎ fh) u) 
= ft, FANA 
Similars Cai, be poued (hat 
MCN = fH. 
01 ! 
A asthy if Ro Comm akina , [hen 
(f- 8) Q9 ftu) gu 
| TOY fix) ح6‎ Cu Cero m utah ie) 
z dC © 
J fq. ff = — 


y U y 


IN 


/ 












| 4.3 € ©} is a. 


~ 3 = Fatt "ER 26 2/ T 
and mult ahin 


۱ Bing with reaped fo a deis 
on” R | 


| Solutions 44 aghast, deep +۶75 
= (atd) 4 o)af3 ++; ES 
(o x toys (daeds ع+‎ 
= (ad + 3f --3ce) + (ae fid43cf)y3 
ct(ef-be-cdyjq €-S- 
OS 0 4 odds 4.3 T € € 4 à addita 
C demi, | | | EN 
and ہے[‎ +399 € S haue. 


additive wume —»x-T133 دج۔‎ 7 ES 
S Aafia all olber Properhes became Si 
a- Aubset ۸ ths ا‎ | 


f‏ ر٭ ویک seudo‏ میا 


C nm empi Ket R wh binary Composites 
of addi i+, and mult plicalion Cs) Aollinfying 
all 4e postulates of a ring except Aight and 
left olistrbubve laws ù caled a Pseudo TIN GALL | 

(oU (cd) = ac ےو لے‎ be | 
iw. ala سح قد پک ع‎ | 





| Blue Sha tat fess 


3 Problems Shas hal if (R. + ر‎ att a Pseudo 
ا‎ and d = O-O ر‎ them 53 =o amd QO - oq 
= cl کے‎ 2.0 mi] fa all cc. Fulher if UJ e. 
dene  * mR by | | 
| MEY = 7.7-2 V x, 1 EK, lh Pro 
that ( k, T,*) ہے ھا‎ yin ” : 


and 
XE? = 3× = o 


/x ER. 
Solution # O = (6 c 2).( o +o) | 
-= 0-04 00 +00 too 
7 ð 76$t8 fit$ 
? 3-2: جب ای‎ 
=> 4 کے‎ O 
Ofep— 7 


Pe 
eo = یز یچ‎ 
= CO tav tootoo 
= a-o +a-o + کس‎ Fg -~ 
O = Ci- o T اٹ‎ 
d -——ddo $355 
3= a o to (3529) 
3 = a.o —— —» (i) 
Semilarly ut Cam be Proved bat 
رہ — کے ں‎ 
Ly Pavhitulay r's (np lı ej 
ato = od = 3 0 deR 
Thus f 0-d=a.0=3 
AJ = a( a:o) = (ao Con 
٥٥ — ato =3 —»(3) 
Similarly | I 
from 0,0,0 £O) a.o- 


Q0. —. 0*5 =83:9=5 


۷۸۶۸ 


Step p و یی بد ہت‎ 
A —- Voto al تع و رن‎ KR 
A (axbDxkc ہے‎ (a.b-3)#C 

= (Q-b-3)-¢-J — 
= (a-5 —3)- (c2) -à — l 
(adc t-labeo-Zt-g 0-5 | 


© € مہ‎ o. - « 


=> (Hct $-—8-—8-—8- 
- V a Lek ¢ A-O - an 
| cef 3 3< =5; | 


—(a-c-c3-—3j 
= (a.c +3 — O (34e) 
Again Q * (Lc) =a*( b.c -à) 
| = O-(b.c-8) ق-‎ (ato) -(b-<3)- 
= a-(h-c)— a? +0۷۸6۸. - 93 FG 


= a( b.c) مامت ہد‎ E) 23 
پوسے‎ GT 333 
= qa. (5:9) +3 0ج‎ ). 3429) 
ا ک‎ 2 a.(5.c) = (a 4c. 
Therefore from E lO we gef 
(a *b)k&c = asxr(bsc) 
Further ax (bec) CES a-(bc) — 3 
ctp) عو سو بد‎ 
= پیا !بے‎ ٣. + 0-b ٥٤٥ ل‎ 
= لا‎ cac +3 +3-3 
i عاد وک کے‎ +3 


aq -b = § p- Are اق‎ | 
a:b tac 3; +3 | 


Also (orks) + (Rec) 
abtact§ (3422) 


سے“ 





— 


— M 


Hence 
Ake(64+0) = akhy akc 
Similarly 4X cam be Proved lhal 
(b--c)k a = beo + Cc #4 
Thus da ributye L aws ave Grue - 


Comsesuently <R, +, x? tha Ring. 
\eKing of Guassian Lnlegersiyf 


She set Xfi) -[adbi: a,bé Z} ù 
A ving undey the usual addibm and. 
vou D ceto on d Complex numhers and /: caled 


fhe 98 df Gaussian inlegers . 


\ # Subsing tt f 


C om — € mfg subset 5 Jy a Yu R ix 
Called | J&ub— Y 23 o] R 74 
(a): Í o aibe S ,a4becsS £ abes l-e So 
Closed (stable) ہل ہیں‎ adika amd mutialicati 


Compositions - 
(D: SH if a ving under the wnduced 
addi hm and mulhipli cation Compositias l 

Lf SA a Sub ving 4 Re, lhem R ا١‎ 
Caled am ovoyyrin / of § 
ok 

Defy A nm- emph Aub set S J} a ving f 

cafed a Sub- vinî of R, rf d ù salle.‏ ذا 


—— jw u0 Compositions mn A and us a ring de lie 
`. duced ے‎ Campositims. : RENER SES 


# Gxampless 
4):- The se | I of integers A a subving 4 Q 
UR 4C, Arin GRC amd & ھ‎ a 
Kub- xing C : | 
2 :- The Sef of all 2x2 mabice / ھٹا‎ Lape تج‎ 
|> here a,b,c aye mtegeys Ù اہ‎ fab vins d 
Aung TT, d} all Axa matnces . 


Theayem+ '- A nm- emph  Aubset 5 4 a Jn Sa 
D a Aubring iff 

(2 orbe S Va,b es 

(II) db € $5 V abes 


Eod: - det S be a Aa -vin4 DR and letate 
Tlen 2 but i ME (by Aefi nto á} Sub-n'ng] 
and ab € Ss: ( 7 7 ee i) 
Ako as S A a KNT tem der 4 duced addılrre 

and malipiicatim , a-b ES 

a | Conversely Suppose (hat Sù a Subset 4 
R fuch thal | 
a-besg ۷ ۹٠ا‎ ١ 6 
cmd ab eg V a.b e, 


=> (S +) Ka Auharup G(R +) 


Thus S ہا‎ closed umdey additi 7۶/بزوم(ہوی‎ in R 
and ù am abelian Arup Under Ite widuced - 
بر‎ posh u L esi E نج سان‎ 
Also Aa abeg Va,Leg 
=> o 4 closed Unde, multiplication 


Toreover associative Caw V^. 8 follauc frm Ihe 
astodaliye leus UM E . Hence (S ) Kb a Aab- Sem: 
Grup Q (R -) 

o ,سك‎ altri bubve Lows are salis fred 


because these ave Satisfied m K Hemels, +t > 
Aa Subring . ۱ | 


P marks: cos vng K has at least u o Subring 


Namel R fo}. These subrings are call ed 
CU? ہ۸0 ۴ہ(‎ subrrngs - Ober ٤5 7 AK rf any 
Caled Pro pey Sub rings. 


€ +Cxamplesy 


1):- Lu ce be the ring 17 all veal valued 
Continuns Duma o S defined on [a b] amd kef 
D be he Aubset ۸ Æ which Consist f] all 


ket fige D, then beth f-34£ 
ave derivable e d 3 
= E D .9 € D 
Hence jJ + fd 


a Subrin of Ei 
Aha The Sef T, oll mxn mahices vr, 


entres From K. dat 8 be the set 4 
matrices of fhe f orm Alyn + dE R 
def Ai, Az € ® 
=> A= Ailn ra dıỌln didie R 
An کر‎ = (dizde) In € S (© did ER) 
Also LP = OCW;i ES ( «€ /«) 


Hene 5 tha Sub- ving ( a. 


xt 


Xy ts 
ped 9 ver t 
ALT MC 
> OO ری‎ + 
M 


۹ ` - 
+a 9.3‏ 
ریغت 
جس 


23 i; 
Theorems The inlvseclo im 5} boo pw PUR Se 
a a Subying - Jove enueraly , The “gag i N 

amy par. m 1 amily ef Aubrings Ù a Sab. ring. 


! Ff- "NEN a f S2 be two Sang $} ving 


a S052. 
لعل‎ a,b € S 
Then a,be $ d. abe, 
V Sif S2 are Aub rings 
C — b € ۱ d. ab € Sı 
and a-b €$, 4 ah € 8S2 
=> a-beS/S. £ abe SN 
=> $i "e a Sub ring 7 2 
IV fu Da ol L be QI 
uh rings and e j T f 4 4 
S e au. - 
NEL V. 
let a,b € چم‎ = [254 
=> a,b € Sz Ei Vo EL 
S each Sx ما‎ a بر ہیس‎ 
a-b € Sy £ abe Sx VELI 


= a-b وھ‎ ¢ abe ns 
3 $- ns wa sala of R 


eel 


Ke matks:- A) Jhe inlersectyaon 5} fo Sub yings W 
The Largest Aubying Cotamed ہہ‎ bob 
QA math QA. il ù Cmlamed m both and Coams 
every oley Sul yin Contained um both ° 
a):-I£ Sifs are two subrings fa 
Ying R, hen the Subst Kits Ò not m general 


a Subying ff R . OF Course S4 S2 ڈا‎ 7 
Sub ying s} addihve grap (R +), bat may 
not be Sable Fer mulkplicatin wm A: 


3t The Smallest Dubwing Contacning a Given ۱ 
Subset of a Kin # 


Theorems The نما٤و ہوہلءے و‎ of Me family 3 
Subrin $ tohich cotatns a 6 subset d} 

a vna R i the smalest Subving Cont ai nin 9 fhe 

given Subset. | ilt. 


Froofe Sunce the ulersectt ہم‎ 4. et f ami'y Subrina 

a Given Subset 1 the ring Ao Subring‏ وضمع ام 
and if Confams lhe Subset: Als thi nlersechm tr‏ 
Contamed om every o ler suing Containing tre d ivem,‏ 
Thus the mleysedrm 0 the Syn7dilest Subzna‏ : ؟ Arb‏ 
Contewining lhe j ‘Ven /&ub s ef -‏ 


AME a 1) The smallest Aub ving Cant anin î a 
qiven Subset 0 Aardtbe Jenorated. by the subset 
amd lhe subset U^ Scud fo generate [he Subring . 

Adis: Ad mou be shasn haf the smallest 
Suby'n Cobain a j en Subset M 4 a ring f 
Consists 4 all those | element d) R iShiich are. 
enpressible as a faute sums of Produch d} (ke 
arm 


T. OALE. o3 —. e » aj Q1, Q3 - -— ۱ج مك‎ / 


Notation:- If S us amf Subving 2 a ring A 
and di,aq- - - -O, are a elements 4) ving R 


2 


نات 7 : ]2 " : - ردق i Sla,‏ | لت ہر ےی ہے 
Cleweles the Subm J 9 E. generaled. by © amd‏ 
Clements Ci, d2, - - - — Ch. . a‏ 


S Cel T ayel Subrings of a Yî R: |‏ ۱ سم ضا 
ES GET] Shas 0].‏ اسر P | dd STs à Ap‏ 
thal if ST- TS fie ST a Subring SER Give.)‏ 
av emam ple (] Subnngs S amd 7 d} a rmg K kuch.‏ 

| Thal ST meed nol be a Subring 4 A: 


Dolufian se. Cleayly AL m neon ply 
| t ST = کل‎ 
=> ST La Kubyroup 4 ( K 1) 


Therefore 7-۹۶ € ST Lorx j€ ST 
M14 E Sl Hen » 


Where si, ES Vg 
Ci ET Vi 
Yi mo 
xj = 2... رو گر‎ 
vu tg ETS > tig EST (TSS) 
YO) (W U) 
a “y= 2 & A, 
I رز‎ 
Where e. ES Pe ET md 
2,(0,)) ® a naliwal number depen ating upm i andj 
709) (4) (A 


Vene xj = Z کے سے‎ Jp e, fu bj 
! kzı 

: a = ER 

But ایر‎ ER, A bj ET اہنرا)‎ 


۰ 
* fv, 








E Lb 
i bone x € ST 
| 8۶7 a Submin AR. 


9 Second. asl take R= As, lie ving. 
? 3x3 malyices over FAN 


Se | d T2 a 
wey aisle وس‎ 
| = : 6 É Jr d ,B E A 


P a =r be ہس‎ [hal od 7 are Sun ds 


o Pó Jax 
amd ST "jr 
” ^ ] element d} the Djpe © 


٥ O o 


3 (: e I) EST 
6 ١ 


SEIS (^ reer 





0 NO & I 
Se if ST a suwing QR, hem 
ر‎ ev | 


" s d Oo © o o 
* 0 ) í 6 oO ; must belong fo ST 
l-e ٥ o d seis o 
Bsp. Eon. alo te ST 

det‏ حم pe‏ جج 
Ç ٥ o‏ 

20 - 7 

J art deo 


Hence "a d 
oes nof 
So S7 ð not a mi d. 


ed کک‎ 
H 6 o ) EST 








8 


Inle yal Domaine f 


Ff ving R ھا‎ called am inlegral domain 
if it | 
(a) Commutahve. (b) has umily amd (cJ th without 
Proper Zero olivis ors 

Ok 


() Commutative ving R wih amily hich 
Contams mo Proper Zero divisars, 1s called an 
integral olamarn- 

(Heer nalively A Commutakve ving R oii 
an A Called ay onlegral domain £ | 
fo all a,l € R, ab —_o = 0 -—o0 vbh-o 


| # Oxamples+ 
4).- The ۲۶۷5 l, O0, R, C aye unlegral damains 
2):- For aw prime p Xj نے عم رت‎ pa 


(5 am mle ral d main - 
8 Cvery wna (i numbers wih wn ily US an 
unleayal domain m haf this ving ام‎ necessarily 
Commufalve and wrth ad gevo divisors . 
4): Consider lhe 202 Por =i o GL 3 $6 7f 
Um dey lhe و ہا ہل یل ام‎ m o Culp ؟‎ amd mu ltiphca tion 
moodwo € - "f hun rina 72 Commutahve , havever it 
A vot cw imlegral cd ancun because A € Ze LEZ, 
fwo nm - 200 elemenk hut 
2.4 =n (. mod e) 
=> Ze o wrih gero کس ۱۷ح‎ . | 


5) The Se Sf Z A2 : AA ET} 
Undey te addhm and mul plicat d} veal 
Nuribers A am mlegral dam cum 





۶ 






lleve. 


(a Az (C+ [iz] NJ 34 (b dl)ftz ES 
(a +b J7) (c+ fir) _ (act 27 befiz) ٤ت‎ 


fo all atb? ,c+dfir7 ES 

Sunce D à a Aubet. J fhe Aet 4 real 
| mumbers R, S n CU cut 2 ero الام‎ 60۷ -. also ۶ 
cUAocalya Ascujs ; Conmulahiye Laws and elo Dy bukue 
lass bold» The sero element of ts o € R and 
|| €V*4  a-&d[m eS has am addifve mverse 
| -—a-bf7 ES. Thu 9 زا‎ am integral domain . 





Sheorvem# For every vnleayal domain D, he 
Cancellation bei d ulpa holes 1- € 
f  gq.ceu bc ¢C+6,hen a=b. 


LA. # E sa a-c= b.c a,bc€D 


D has no Acro divisors 
if C+ o hen a—b- Q 
نہ‎ ab (as required) 


B&O  olwsors e & aw cieaval domat 
e Camcellatim Lau holds Un A l-e frallakceR | 
rf ab = ac fdato,lhen bac | 


j M4 qr Suppose R 7 am mlegral domctin 
Jet fw a,b.c € R | x 


ab- AC. 





—— رک‎ ab— ac =o | 
— 3 a ( 5 — c) euo je 
Smce dapo d K^ am ele gral domeun 
Ce hoc =o EE 
-- b = C 
| Conversely Suppose haf R IS a Gmmufathire 
| Ting which | Camcellafian hew. holds - e 
i Let a,b € KR ato md 
ab =o =d ۲ 
= ہا‎ = o (bj Cancellatim l cus) 


So R ha mo gf divisors Hene R 5 am 


MN 
> 
S. 
* 


mte gral ol main 


QR Skew Fields 





| + Division Kin 


A NM - Commutative ring with amit m all a - Ze re 
element from a mulhplicative grup. وا‎ called a divi 
vp) ( ee field or 5 field) 
| OR 





A nm- Commutative ving wilh at least hse 
clemenk 1s called olinsim ving if if wa ving uA 
umiy amd every vim- ge? element 4 which co 
m vorsrble 


xampbles | 


Lef pps fo, h2 3,4] . Then nm- مہ‎ 


| 4).- 
1,2, 3, 4 undw mu lhplicahrim modulo 


&lemenlt 
S fom a nup. 
So Es à a divisim ring - 











: Consi | 
2) onsidey rT, , he het 4] all 2×2 matrices 


lhe ' De 
OP 6 j a) abere a,b are 


—L a 


AF Lo 
۱ ۱ | , where a, L are Complex 


yuumb ers > | ۱ 
and a,b are herr Cons ut ates . [7f vs 


a Yin OP TT; 
v Ü = Á 2 ( ? U nd. £^, malri x 
۱ : i 








odd tm amn d muliplication . l i 
۱ | utu. 
Sef و‎ 
: Az l | 
— U-tVI -jr 
J Whe ve u -J u and U dye not all gero 
M = 1 —'u - Eur 
Consider n tury xte] HULU 
B= 
d- vi nti 
nra gut ^^f eu وم‎ 


Clearly BE A and 


JL- BA= 2 H 


Tas ٥۸٥(۷ مو ہہ‎ - 6+٥: bens 4 ہر‎ 2 pu 


Hence NT 1s a 7ال‎ ving . We Shou fal M ú 


not fed 





3K 


w Ye 
CINA J 
and M ut j^ ' .) 

fC ee 


Hence ^ (€ no Conmutatue and XO nol field. 


o 
0 
٥ 


~ 


3)- Jhe rings Q, R, and C are division. Tings: 


Actually these Ave. Commitdkve clini 727 ک‎ 
4) zi Jhe Kin Oualernians s 


c)» &otpre cran d} lhe form 
a - aoleai+anjrak, di € K, ks 
fhe 07 d) Yea numbers 1¢ Caled ہے‎ gualtryra ہب‎ 
Here m kisê 7 
amd i =k „pkai kas 
ا‎ 2-k ےکا :دعا‎ 
Jhe et Yall Guaternians ذذ‎ denoted by Q. 
To See bat Q ba ving ,«e define 
addiim and wufpcatm m as follnus te 
for 245 € ® b ۔‎ bol +b, 4 baj +b3h 


(Je. pat 
a+b = (Ao+b)L + lar+byi+ (020) a (545) 
and — 3 
a- bin (aabo — Ofi b) -q1 b: — وہ‎ by) 
NT ( debs 4 bod, ¢ رما رہ‎ — d3hàx)4 / 


+ ( Ol» b2 4+ A2bo + 0:5) — ajb3) ر‎ PRÉC CT ں021‎ +4a,b2 
— arbik ۷ 





' 1 m P amas t B^ 41 ehh 
.تح .فص سس‎ = - 


iia fhe elemenl. £s £i, d £k Salis£, 


poene Á cuv 4 u مو فا وا‎ f'n any رط‎ 


(G.-6)-¢ سے‎ 2... Cb -€) 
= We  obSerue that LX aS 3 
Ci) (Q +) is am abelian Group 
(7) (Q) IS d Senn" gp: 
Ako fa a b,c € Q 


٥۸‏ فا 


Bet < ©, ‘> Ka ving :‏ اور سور 
Note lat x B not a Coz mutatie ving‏ 
heccuse ly J € Q. and‏ 
ہے ار + k= ty‏ 
QW a diwsrm ving Fo lrs tJe‏ م۴ لا Ae Shas‏ 
Bh That eUe] nm- gere element in O has‏ 
muliiplcakm m verse m Q.‏ 
det a = Holta +r) + d k be. a rim-‏ - 
gero lement 4 Q. We akouate a nm- ETO realno.‏ 
M09) wh a as folas‏ 
و 4 Nam‏ ے 70 M9) = qu + Q TRE‏ 
d? = o l= 0,142,3‏ = 


Q —o 


Cleayly Quaternian L= 1I+o1 + aJ P 
Ó mullpicahve ¢clemtily m ©. 


Ao 
"d Gol d j a ۱ d3 
0 = کے حر مہب‎ om عوسی‎ k 
= رو ۷۳ہ‎ WME) Way! ~ )رہہ‎ 
“Îne over d -0 = Qo t d,-te ta 1 


WCF) 
9 2 + o/4o)+ok 


There fore etery = مچ‎ element mw لگا‎ 7 
Qn Inverse. in, 0, Áo. nm - ہو یق‎ elements. in Q 








2 Ao mm-zen elemenk m 6 fom ss سو‎ panes 
aul plc al em . Hence Q ts a ditm yng: 


Froblem # Shas that fr 2,4 9 
: ca زطا.‎ = Ma) NC) 

Solution y 

9 L = (aT +a, NV 424) bof +411 + bz) + bsk) 
= ( Qu bs—415)— aii — abs) TF +( qo b) Abo a, ta b3. 


—ah)i +(orbr._tarb. + رادت‎ — aibi )j 
+ (abs + رہ ما وہ‎ bz — axbı)k 


N(a -b) n (Qo bo -abı —Arbr -dib) + (49b + boa, + di 
— db») 
+ (arb 4 abo +dzb) —a bx] 


+ (aba tazbo +a; bı ماد‎ 


N(8) = ax -pat-par ds 
NLB) — LR xb +h 
NCS) Nb) - (a£ +a? tar tai) (be th batho) 
= debo arhit ad br وط‎ 
t 4 bê tath + af la +a bi 
pat bo tailfb eaibie aż bhè 


aî bê + arh parbi pat pt 


v(a h) = 


Sheen fing Nm (emph) ero ۔‎ finite wing R 
without 2 olvisors. IS a divisim dung 


Fool Sof R- ^ di,a,- - =- > - dn] be a 
na» - Aero Finite ving wilh dj=o and na 
. Consider any A(#o0) € R, hen 
.ص۹4۱۳‎ adı, ddz - — ۔۔ ۔‎ ddy 2 - 
are alln olistirct element cf R, a^ camcellalian 
Lous olds m R ٠ Consequently any given AE kdi 


Ame D adi, (252,3. -.- 2] i-e 
" dy, = adi for Aomei 4] 
Thus Mm Particulay 3 A ے‎ R Auth at 
a= aa, ۱ و‎ ð 
=> d(ya—a) د‎ aano 
> aja ۔۔-4٤-‎ =o د‎ adapo 


Vou {r ang LER, dx = (e ay) x 


= a(x) 


Amd fw bey ۷ اتک‎ — x% (a, a) _ (Laz) a 
= L= X4, 


| | 
lene ar A mh 4 R 
Finally © gives 


Ym AG for same o; ER 


EX 

Ako a (aay سے‎ af) ج‎ (aa J a — aa, | 
— aa — aada(-—o | 

3 ed, 0 af — o CI + D 

o, |‏ ڪي ج 


Comsesuently R را‎ a elivisim ving 





IS. 


: [remarks + Êy Famau Theorem 4 Wedderburn 
| EL Ove Finite oiygien ving- sa Field E 

| ence. we Cam [Ka Thal Curf Finite nm- ğo 
hums without ero olVisay« I5 d Field: 


| Sheoremy Pove hat if R ka ya wilh 
| more than me element Auch hat ak= R for : 
eve nm- sero element “dı f) R , hen ROO a 


olivisim yin 7 : 


| Trofy Fired LJE ہ2‎ Walz ہا‎ has no proper 
| atro visors - IM C dd be non - 0 elememls 
of R- thn cR=RK , de -K 
Jhus u 
c.d + 0 
So lhat R ha No — Z Crò divisors 
VOU CC#e0) eR =cR 
3 C —cu fw Same ue R- 
S lies C U= ei 


> U =U: and ute 


ELS ukK= R 2 fw any xER , XL=Uy, JER 
2 UX RUS Uf = ××: (ویرےەرند)‎ 
Co U U a left unily 4) & 
Again UER =cR 
— 7 ے‎ Auch hal 
U = cd 

ان ۔  ])‏ لا-۔ Ako‏ 

2 د‎ eek لسر‎ bat 
=) e = Ye | ("Uu a Ced f ickulely) 

= Cde = c(de) zcu = c 











cA ] 7 Uu. “tight "ern 4 2 | 
- Thus - Ms sls tdentiby -۔‎ 7 K xd --- 
کت کت اا‎ Abas. O nes be: M ENS 4 R سے‎ That 


eas TEM. ^A ers 
i Thess? wR = R | io rA. eo 
7 Now Aue UER = wR, رم‎ 3 ER At: 
U= UV - 


Muerte A LE‏ ما ڑا 
Hume R ù a 20 ng‏ 


" Ed. m 
A Commi | diim Ain 7 a called. o Field: 


A Sain n 9-1 NM - م2‎ selän. fiam am _abelran 
gp unda mulfplicah om A cafed a field: 
Ok 


= 8 hing- Ris called a Leld A d has at least 
وں‎ elemenk and 


WB Canmutahye up has Grub, Uw ev nm- 
g^ Clement 4 Wert Ale wy ef 


OL 


2 triplet (E XY » "a E m af VER ele mc nd 
A Called d Field i£ 


(a) (F. +) ù abelian 4 
(by S E fope) "m 
(c) 7 and Ke "m. ibn A ub نھ‎ £. 


+ xam bless 


Jhe Ael 2) K, (s EEN the usual addhm 
and anu (ph fear ae. 2 ک2‎ 





dfe ird‏ نے 38 | ا 
ا H9: The POT 4) numbers a + Mi, where‏ ~ 

We ang vellera numbers, B o Field —‏ ا 
and |‏ سملطیلے wilh‏ ہوہوائں Q‏ مم The”‏ 130( 
P, — b beg prime, 5.a‏ مک لوہ ۱ cat hon‏ مرکم 2 
Field - wih a pine numba p va elements. -‏ 


Characteristic of Ki m‏ * ات 


det R be a ring wtih Zero element o and 
Suppose hat lere enists a «Ve integers 71 
— Such [hat | سو ہا‎ 
j a = Atatata,-- --.409—0 
fo every | a € RA. The Smallest such eve iteger! 
s (5 called the Characdeyithe 4A Lf »5 Such | 
leger ent, Ris said ہا‎ have characerbhe سج‎ | 


Theorems A Field has no gero - eror: 
| رپا نہ‎ OR inns ¢ ish 
GI very tield ذ۰ا‎ am integral ۹ aman. 


Inf. Jel F bea Field amd a,be F 
det Ato so hat à! exists. 
Jie. | ab-o -—at(a)-—o 
دی ط‎ _ 
ری‎ if b 4530.5 2 ta» must be jero. 
Thus a Field has mo dero evisos go thal every 
Field ۸ an integral damdim | | 





Remarks» uv The cowmse Q the above emm 

= not tue te not everj wntegral E 
domam W a field ^ For On ample ر‎ the vm J) 
= integers. A ہی‎ integral demain but vot Feld: 


iD Jt Par e noted. lhat fo |‏ ا 
J a ^ el mU amd Gor. are. distinct element i-e‏ 
l| -— H | à |. So — Ai Field has di least‏ 
2 = ا ارز {iso element TIR Sia posible.‏ ۱ 
I» fad if (a, be any na- gero‏ 
elemonl ) Such elemen! emish a "UC ME of FT‏ 
e‏ | بعد We have‏ ^ 
n = aa 0‏ 

UD An _impartant properly 5] Field us hal 
Ii} a,b aye amy o members 6} a Field ; hen 
lhe Symbols a+b, a-b : ab, abl, If buo 
are meaning ful and are elemen 4 the ue 





Theorem 4 Jin; fe integral haiti a Field 
d ok 
| Any nm - mile. ° integral domain ذ۱‎ 4 
7 
5 lefu. det D be an integral dam ain 
tsi Th É element - Then Surely Di Commutative 
Qno has čdemlily - 
Sef رع‎ be a nan - ere element 
7 D. Consider lhe set: | 
D -foax :+ ED amd xo — s0 
Nou We limus lat cancellation baw Bold wi C) 
Ao [bal 
dx= ay = x - y 
Thus st O adm 4 all dkhncf elemenk 
and. as Such DY سم‎ the Aef /) all Jt en-56re 
elemenh 4 D 
T4 Follows at | 
9 XE Df such Mat axe d 
= Every m- gero element Q D ts bavorsille . Hence 
Disa Fi dd. 





ho 


Adel D besne et an ain tilt k 
number, òf element. "Eu nm- Zero element 
A, oF Di ue hayas. og E 


because olhey wite "MA A haud be ot gao- 
eiusm. Thus Jue D Zahl 0 


| axz A 
(0 9nd a has mulfphicahue Ww verse vr D: 
Hence D Ù Q eld . 


: det D=§ M1, X2, X3- . . 26 ni | be an 
leg ral domain oh NZA 
2 س‎ 0 € 
^ ںہ‎ be vant vm ger aED, Mh 


142da; —— - ۔‎ Kja ar a tn D 
and are all dilc because f 
4 xd = 76: a / 5e Xy 77 


C 
V ARR: ne Mr o 
= X y xir [ D فی‎ I Samat 
Which a Contradichim 4 | 
| Thus Ald, Hrd, #30, - --. Kyd dre. 
al da tinct à 
— d= 6, Cl Fa Some 26, € ر‎ 
— dx, 


WED سب‎ senses, 


Jfep—Z y Ma bE D Cay be writen dı 
= Ud =dXi Je sone xenp 
Consider | = | 
bxg = (Au) KE 


NE مد‎ = He 
= nik 





1 9897۳ 
| Step- W | lean, da some X4€ D 
"— > X= aeD. . ao 
te => eve AED has ib wee WD | 
— Bene. D üa Field: : 






Ee mail; Ane they Proof of The above fenem 
cam he (arillen) given by using the Fact 
That i Finite Sem/— rup wil, Cancellahm haus 7 
a œp- Here R-fe] a Finite hemi- J rup Salu fyin 
both amd right and Leff cancellation paisi | 


Corollary ٭‎ Lf Pù a prime Number , Zp, te ning - 
07 integers module رم‎ lS a Field: VES 


Iud. وف‎ | 23 P T Finite ر‎ d 7 endugh fo Prove 
ht Z p Ù am integral damain . 
Cup pose. thal 
ab-o For some a,b € Zp 
=> p olvide the integer ab 
- P dD a Prime. nume 

But hen eila aoo (mod b) av b-o(mepJ 
enca مم‎ 4 am ےا‎ ral) adan cl having Fimte 
Nuh £4. a? element , So م2‎ 7 field - 
Aho 1 ù hu tdentil, Of Zp. 





Y H Ideals + E 
` felt Peale A non emph subset I 6f 
a ring R is called a left ideal if سح‎ 
-~ ü: e,b€I > a-beT iell +) 4 


dy: del e Reha € hor 


ki ht ] bolig A nm — enfal Subset J of 
a ving R rs called right ideal | 1 - 
W: albedo a-bé J ie(J,t) 5 a 
Sab group 91 zy Ne 
(Ii) :- ae€j,4eK 5 a^ € JÛ 


Iwo sided Ideal or Ideal ov [nvarient 
Sub- ving 


A nm- empi hulst T ofa ring R, whid 
» bob a left and right idedl ù caled tue 
Sided ideal ov am ideal w invanant Aubyin ê 
abE L> a-bel ad aeT,AeKa 
ah €] amd Aaél 

For Conmmubatve ugs all fhe 


three conce pls Comccde . 


bremayks + 4) A rin R is th oun (ded. This 
۸ا‎ called the unit teal - 
2):- The subring Consisting 32 mb 
o 5D anideal. This ideali called gen (deal av 
null (deal 
3): E verj yn K Possess 41 Tuo 
um proper ideals wiz. the umit (deal dnd the 


mull ideal , These are called im proper (deals... 
4j): Any t deal 0] a yin R oher han 


lhe null ideal and The umit (deal 4 called Proper 
ideal -> ._ 


| ندب‎ 5): Al ving having 770 Proper redeo 1 
called a X imple rded. | | 


xam less 
1: The set E 0) evem m 
the 080 Z o} omt egers AS 
ور گے - 7ر2‎ = Alm-n) EE Yaman EE 
| Furher i} AEX , then Alam) =2rm EE - 


A)!- For 0 27 کر سے‎ 2 £I,42,£3,-- -- j 
» hhe Subset AXk=So,¢2,¢4, -- es 


UA am ideal d} Ta ا یروزمک‎ lhe Rub sels 
37 = f ره‎ £3, 234445 .x 0 74 c ideal 4 


3):- Ln the ring vî لک‎ RXR matrices OVer 
imtegers . Consider Ihe set 


L-E( D | atez] 

w ds NM - empty. 
-($2- (55 EZ 

7 OCI Cu ee 


=> Ars left ideal dL rf. 


legers 7 "mov a) 


Howe L ù not a reght (deal 2 7ا‎ - 
ہد‎ ce í سے‎ eX. -Ahd 


(ens oz 2- 


4): Lot agum کر‎ be the 2x2 monies over 
integers Then 


k= (e s) | a, b €Z | 


i5 a hr (deal 7 hd but mot a left ideal 
EM - That K ù vigat (deal canbe cheched 


PP Ba GONE L2!‏ د 
Bat‏ 
Cr (i= (er‏ 
Thus K à not a left teal‏ 
The set F Gaagan integers 4) [fe‏ :)5 


form am +277) ر‎ (9l) 1+ (An pie 
A am ideal 7 fhs weg 4) Quass iam integers 


He marks * by depinine every Aft, right ar two 
Sided ideal A a S 4-71 but the Converse Ò nof 


fue 2-9 
[): Z [5 a Sub ying d} ل6‎ bat Z ou not an ideal / 
0. 
Stma + 3= HK EF Th auth LEQ, 2€cz 
2) = The Ael ل6‎ £] vah mal Numbers Ù) a Subying 
but not anrideaf 4 the vig d veal numbers. - 


Sheorem# fat R be aring and a€ K. 
x Then | 
w: ka =Spra: AER} ù left ideal 
:(ا)‎ aR = Fay LER d right ideal 

Emm U) Sef ر×7‎ e Ka | | 


Then oc — nad = qd 
> 2ور = ل‎ (Ai-Ax)o Eka 
"EC YS Xo £4- اچ‎ bythe یو‎ -. 


amd Ax- Alha) = Ma € Ka =mer| 


UDEA sary Y= ar, cak 
ل«‎ = ay- ar = a(r- Y) | 
| — a(Yx -n) Eak - 


Also KAS laki) = al) > ak 
> AK a right ideal. 


Theovemy H Risa Commutative Yin 3 and 
a € lt, [hem | | 
ak = far.: rek] I am ideal Q R 


Ife (i) Foy av yar. EaR 
ETT .Orj— ar. = a(r-vz.) ER 
Hence af ù Sub grap OR under achlition 
(11) For ar €aR amd AER 
I-A = AIAJ) & aR 
Hence AR K amn (deal. 
* Be helpful for olfers 


A IF gou Cam mot, any one. n hen do not dis seyvice ako : 





dud Fa any KER, (xh) f = X(ASNEXR | 


Theorem +- set kK be d rng wilh gero o, 
hen 





© Ta Dox€R , Amo (xY=0)¥aek] 
O a left (right) ideal in R . 
Foo +. Sef «X ۹ E T. 
: — یر .>= س ا‎ .× = o | P7 | — o Vy eK | 
Now A. (#-Y) = AxX-A-4 =0t0=0 


Hence T IS aœ left ideal. 


 Jheorem» If an ideal K tn R contains 


(dently element 4.4 R, then K=R 





Foe it usen. LEK amd K bs am ideal 
here? ove For am AER 
4-4 = BEK 
= Kok 
But k سے‎ RK (by detinihm 4 ideal) 
Hence kK = R 





Thesvem# Let K be. e 2 wilh umiy Lf 
| has no right ideals ence fat K and 
1 of J bhay haf K s a divim 727 : 


Sufficient Zo Shas thal (R-fo}, ٠<‏ 5[ جب گر گر 
a grup‏ 
de Al) ER‏ © | 
Consida 26 =f xr] AER}‏ 
Clearly QC MeL X K , So XR IS nm-‏ 
x(4-5) EXK‏ بج Fuer AJENG‏ 


=> HR ts a Tight (deal d] R 
Sence MC=0) EXR ,xLR= R. 
AEAN کل ھن‎ 


IYER Sach thal < 
تم‎ =l (vaxE- رم‎ 


Mena < Rofo, <> ha grup - 
Consequently R f d divisi رم‎ yim کا‎ 


JMieoyem ge A ving ui unity نے‎ a divim ving 
(772 iT has no propa tdeal. | | 


Feo, dof R be QY(O4 by 


Aree] h unt 
Lak Suppose that Ris a divisim Tin g . We. 
Sha, Thal R has NO Proper ideals . 
| | Suppose ہلا‎ kK i5 a proper ideal ^e» 
FY im R. Then K ha a NM- Oro element “dı 
(Aay ) Sce R isa divisim ving Jj am aeR 


ala = e. | 
Joru ee Ki ( by detinitin 7] ideal) 
Let A ER hn -e Ek 
Ao R CK 
Bul KOR ( By deFini tio) 
Hence K=R , a Cottvadchm. 
Therefore R has no proper ideal 
Conversely Suppose thal R has ao proper 
tdeak. We la) that every nm- Zero element 
{n K has Ay VOS €. - 
Je] ot GER 
Coda Kas 14a: £ER} 
Then Ja any x,y € Ra 
X= Aid Y= Ara Ao that | 


7 | 
e x-1 = ZA a€ Ka 
amd Fao an Ae R | 

|». x - رو‎ a € Ka 
Thu Ra è left Ideal. 

Bence CER , dazed € Ka 

So Ra + fe] | 

Hence Ra -=R EX R has ne proper 


CERA ( J. 
Again y here ts am element aʻe R phi ( 
da = e ا‎ 
So eVe nm - ۵٥ element om. K has 
muerse mK . Bene K is a asia 7177 


Corollary + 2 Field has mo propa. ideal 
Vn Sui. every Fidd 5 a Commutative 
e pret ool KE. dre. "2 "n WISA نت‎ 
i deal. "o 
Theorem 4 A Fiel ای‎ mo proper ideal 


If Fis a Qe, hon ik only ideak [o] 
and fF. 


Frode Set Itiel be am ideal QF 


^ Then Fav a nm-Zers element ae 7 


لے 0ر 
Therefore a a € l ( By de pniti !) ideal)‏ 
I‏ € | >= 
Iq:‏ 


= = 
(> When am ideal Cmtains idenlily 4 a 
Aing R, it fs Equal to K ) 


41 وج‎ a co poll 
Thus F has mo proper idesk and ik ony © 
deal ave foj £ F. el. E 
Mae Bs to converse to this herem Wwe 
ll Rave. سد‎ 


- Theorem + : A nm- Bero Commu takwe 77] Lip 
uni is a Field 41 d has no proper 


ideak. 


Ils det R be a na - ero Commutative 
Aing iih amily having mo proper | ideak. 

We Show hkat. every Nnm- 32 element (d‏ ` ایک 

R has mu lhl cahve. Verse | 


The Ret Ra = {xa : xe Kj} 

R Containing «as‏ اک dw (deol‏ ذا 
ر Qs hrs Ideal must ~ Coincide wilh K‏ 
We See thal there must enit an element be K‏ 
Auch That E‏ 
ba = |‏ 

= Lach mm-zero element 4 R possesses Ihe 
multiplicative perse. Thus Ris a Field 


Note Combining the above fiJo Meares, Ue 
have the Jollain J hemen: 


Theorem + del K be Commutative xing LJi fh 

umit element- Then R is a field i22. 
ih ideak are fo] amd R only reif] R ho 
Mo Proper ideak. 


Loo. y Supose that R is a Field amd Cet روہ‎ 
be am ideal 4 R. Them Far every a € Laà'eR 





So 


» So that 
Ga: i € ]ا‎ 
Nw lt xe R, hen 
J. = سد‎ €I 


— R cI 
But T- ER ( By de Knif I} ideal) 


Thus T= R 
=> Rhas wo propa ideal 
Convevsel Suppose thal ` fhe only ‘deals 
4 R ar fo} £R ile] 
We Sha Thal every nm- 9^" e element 
I R has multiplicative unverSe: 
od AE 
Consider the Sel c 
aK = far: BER} 
(i) Far arı, arz € AR 
Ory— aya za aKa) 6 ak. 
de areaR Lx €K 
(arx = Alyn) ۶۸ح‎ 
amd *X(avy) = x(ra) = (na)Y = aX») € AR 
Hence OK ts am tdeal }R 
We note that 
dz2 d4 cC ak 
There are AR + fof 
— daR = R. 


any element AR Can be. £JYiflew a 


Ut 


— 
, Far Aene AER. 
here ave. l= då For sme SER 


Thus Ks dud 





g) 
Eblem a del 4 be am ideal 4) Such lat | — 
AR: Shw lhat i} R has umil hom | ¢ A 

Solution ہہ‎ det om the Contrary LEA 
| Shen For am ےر‎ RK. TETOS 
Aude Ciais ideal) 
= —K.c.A ےت‎ 
But ACR (84 denim Q ideal) ہ‎ 
K | 


A=‏ نے 
fo Given ê tual mn:‏ ہہہامگوورإاہوےے A‏ 
Nma 1&4.‏ 


\elnters eclion ot Ideals + / 


Theorem خر‎ The intersect. ó} amy juo right 
(fe) ideak 1إ‎ a ving R is a right 
(lel) ideal & R. 


Hoole Le A ¢ B be amy two right ideals 
7 a zu R. 
Sme o€,o€ B 
-5..0 € +6 
= ANB IS non-empty. 
Set X, € ANB, A سے‎ 
مد‎ x,4e€fldx94eB 
“ Ad B are right ideal 4 R 
e X- EÅ , xA EA ۷۸۶/٤۴ 
cmd u-j~E€B xc B ۶ 
— *-je 4۸/03 snz ءے‎ ANB YAER 
Hence ANB Ba right dea HR. | 
Sunılarby d can be Proved. thal intersectim d] 
two lelt ideak ù ako am tdeal ! 


Theorem 4 She intersechan 4] amy nm- 
s Vard family 7 wight (le? ideals 
4] a Y 4 A a right (let) (deal 4 K. | 


Ll Set E. Í Aa X € 7ری‎ be amy 
7)0a- Void Family $} right i deals Haring 


Je Aa (44 
XEAN 
- Sce O € Ax Va € JL 
“ We have oe 4 


- So A B nm- emp 
det xj € A 
و‎ xj € Ad Vote یل‎ 
SX تا‎ X ave Ideal; 
۰ x — d E Ax » HAE Ax گا‎ 
D> x—3 € (Aa x^ € N Aw 
XEN 





| o € qd. 
- Hence HAX- A right ideal QR. 
WE SL | 
را‎ d cam be proved Ley te Jt ideals: 


fon 
remarks # The ele Seb fwo (deals may 
oY may not he eon ideal e. 
A= {2n/ neZ} 4m. (3» [ne 2} 
ave fiso ideals 
Cmsidy AUB 
AEA, BEB => 2,32 68ء‎ 
But 2—22l £ AUB as 4 A neihey 
a 7704/7/2 7 2 nora mupe 43. Hene AUB 
£ not ee (eal ۔‎ 
H ma be noted lhat neie A i contained t% B 
n B ts contamed m 2- 


L) 


Theorem # For dos "ideal ALB سے‎ ying 
—  K, AUB. is an ideal : GR "nf d 
` eubey ASB ۸ت۵ مہم‎ + 


Lies} # det ASB ov BEA 
cum». AUB =B..0r AUB =A 
Ad B are ideals  R 
: AUB i^ am ideal G R 
Conversely Zu ose AUB Kham ideal ub Bex 
We Ave fo prove lhat - 
eilhe, ASB or ACA 
det on the Contrary 
Acad BEA 
Then J elements x £9 Such thal 
LE g—R amd 4€ B-A v-e: 


XE A » ٭×‎ EB 
{- 4-€.B » 4 EA 
LEÄ 4۵ر‎ 

4,4 € AUB 
Au B ian ideal 

x-1 € AUB 


3 x3 €4 or x-41€ B 
Case If *-4 € A, then 
= REx kfk »x—(-1€ 4 رت‎ 
which (à a Comtradichim to the choice ۷ 
cael If m-y € B, یا‎ " 
X = *-34-$ -U-3) «3€ B. {° ven] 
Which is aganst he dad Mat x ¢ B 
Thus our Suppo stim YW wrmg and 
dilher AC B w BEA. 


Kemarks + The umim 6} move Than two (deals 


may be (deal € Von i} nme d} lhem Contams 





a A T e embedded d d E r | 











57 
the umim d] olhevs e. 
۱ ConidaA. the set X = £052, b. cj 
Autbjected do the Coditims 
2a= 2b-2c20, ath=ebta=c 
a4c-2 cta = b b+c = c+b = a 
amd WV»,4€ X HY = رہ‎ them X ۵۸ a ving 
The Subset T= fe aj ,[ fe b3 
k= {o/c} are three. ideak 4x 
and nme d} these & Canlarns fhe umim 5} the 
Olher two - But X= IUJjJUK i an ideal. 


\ + Sum of Ideals + f 


Sos If J be two ideas & a ring F then 
the Sum I+J € (deals is deFined as 


T+J=4 b+ | ET, ted} 
Jheoren # The Aum T+) d] two (deals 
[fJ 4 a ring R Is am ideal f] 
R cmtavnisî boh Id 


Fie f at Sma o= oto E€ Trl 


There Jare ل+]‎ A nm- earl, . 


det 4,4 € I«J. 
Then X= IE Y= dite wm, AEL 
Uu, ed 

xl = += Ar- t 


(5,—53) + Ei- € 
Os +t3€L+T yap api 
3 = Cl-te 
= -į € [+d © ILJ ave (deals 
Aho dmn aw AeK ; 
LX = ACA) = ار‎ +6 EDH Wi 


^ 
ا 


uo 


a 





lo 


Hence l+] ù an idel GR 
Next 
for amy SET, we haye. 
Me Ato € [+d ~ oed 
= AE I+J yrel 
> LS rJ 
Semilarly Fo £ € J, ue have. 


f= of€ € T4J م٤آ‎ 
2 C Cc [4+ ۷ EEJ 
JS T4 


Sha Lt] contauns boh 1+2 ۔ل‎ 


Theorem ae Fry amy tuo ideak Led. Faring 
R I4IJ-«I UI? 


Ila e Lnw that +ا]‎ A an ideal OR 
Such thal | 
Ic HJ ەل ے‎ I+ 
=> ZUJ S&S +J 
det X be amy ideal Auch thal 
LULE X 
If 4€ I+J, hen 3= ptt AEI, te] 
Naw Ae TUS , te DUJ 
= Á,t € X 3 Att € X 


Hene It] € X. Consequently by dejnitim 
T +J =. 4. LUJ? 


Ideal generated by a Subset: 


Set S be 0۸۷ Auleset bh a ving R- سے‎ am 
(deal A GR is said be generated by 8 i? 
(a) SE 4 (b Fw any tdealBAR, SE 63 A 6 
It à denoted by A= GY 


A \ 7ی2ت‎ of Loledls s f 
03. Fer Jus tdeak Ad B Sha ungh 
ES » the m" AR A derned aA ý “d 


AB = f کے‎ aibi / are A, bie B] 
>| 


<= 
— 


At مس“‎ all elemek that can be 
Willen as Finite | fum 4 elem enli 
ot (he 1 orm ab, acA 4/۸5۱ 
Jheorems I) A4 & be duo ideak Paring 
Khe Produc AB i an ideal and 
AB c: 
asla 


a eR‏ ہے ھت سوہ 
PS‏ 


a&- [ak fares, bea) 
l=) 


Since 
Jet 


O= oo AB, AB Ù nm-emply, 
17 € AB naif». 
Then X = ج‎ arbi = ے‎ ody 
Cel ال‎ 
wheye di, Cy EA, bi, dj € (5 
m m 
xf = arbi — 2 ody 

/=/ J 

m 
— gà 


| dibi ہہ‎ 2 6] dj € AB 
/'۔١‎ jel 
4 ay AE K amd X = سے‎ ajbi € A2A 


m [zl 
XA = ( 2 abs’) A 


= E ( &41)A. = 


/=! 


Ako 





m 
= ai (bL)EAB 





£ Similarly Ax € AB LP ds 
| Hone Ab 1s an tdeal 4 R 
Next det € 7B. 
hes Ja. سے‎ 2 dibi 
fet 
Sine 4 B راب ہو‎ diki € 4 
| $o MEA | 
Similarly Sme B fs an ideal in K, jo arbi € 6 
So x € B 
2 x € ANB 
Tus Ab SANB 


| # Lowers 02 am ideale / 


dot A be am ideal 6} d ying hen We - 


- ے 07ا‎ 
A= AA = > diéi / a €, di € 8} 
Finite 
Uma in diction We Cam defne A” For amy tle 
integer a. 


eINilbotent Ideal « 
An ideal ۸ d} ex 227 


R i said lo be nilpotent 7 Far Same «V integer 72, 
ATA) 


#/Nill Ideal # 

An ideal A, d 1177 R k said ds be 
nilpotent i? each element JA i nilpotent i-e 
For each element QE, j a tue enteger n Such 
hat i f ae 0 
مج‎ Every nilpotent ideal is nil Ace if A 


Ln 
e re چچ ےس سے‎ 


). 


C^ 


\ 


Such thal 
مات‎ | A. (o) مو ۔‎ ٰ ۰ | 
So Je each ac; a'€z() 94-29 
Hence. Ais a nil ideal - Converse Ò not frue: 


| y Le ideal generated 2 a single 
Element | | 


(a) be Qv? elemenl 4 a ym kK ر‎ hen 
jhe et ó} elements | | 


(darm, KER, m€Zj 

IS hie let ideal generated hy the element «e 4R. 
Every (eff ideal contaming <a: necessarily ااطاءغعامی‎ 

Clements 4] his set- | دی‎ z 
The expression 7 ov elemenk d) the left 
ideal generated by ca» Can be Simplified 17 R Is 
a hing wiih umla. Jn this case, wehave — | 

a= lo; 4 being oily HK 

— coa + ma (A + ”4)a 


pa, ۵ 


Thus i} Rú a ving wih umily ر‎ Ihe le? ideal 
Generated by am element cd, Consists d} he elements 


fda, KER} 


yw 


x he left ideal generated b Subset # 
If A be a given Subset 7 2 ving R, Then 
lhe fet 4) elwmeh QR expressible im Ihe farm 


edi S REPE T NN dora, + wy hy P= - سے‎ mf 


[ds nilpotent ideal , then 3 


vi 
م<‎ 


۱ 


amd dAl, d2,- = ہ-‎ Wt, by be - - - ~ bj 72 OVA 
the Subset ho 15 left rdeal CA) generated by A. 
Lf Rib a ying رد‎ amily the. le}? ideal generated 
by the subset Jo consists 4) element + the 2 am 


at didat 2.220 addi AER 


| | | Q € A, 
à The following resuli aba right ideak £ 
4. Left ideak ma nw be easily estallished 


4):- The right - ideal Jr erated by an - (a, ھا‎ 


f dd + am ر‎ ۷] mez] 


a): The two sided ideal generated by an element رف‎ 
is 


1 pax t ma: A, BERK mez] 


۱ ٦ی اط[‎ Generated b Qn Clement: 


Sef R be a ring amd AE R -Then the 
J o} element lhe Form 


2- ر۴٣‎ ) hi hy € K 
(=l 
:ا‎ an idedl in K and is said ہا‎ 
by ca; . Lt à denoted by 
| J = <ه)‎ 
77 K ما‎ Canmutahye Ain ر‎ lhem € eA element JJ 4 
4 fam 2a,RER Or dfe fm ay, AER: 


be R ) Jeneraked 


+Cxamples + 


Sef Z be the vm G integers» Them 
x ۷ 4 fe 


A, 4----- m R 
A> = f o, £42344, £l... 






A right idea mera enerated by a 


Single element :ا‎ called Low! vighi ideal ۰ 
An ideal K G te Fam 

۱ K = f ah : AER j 

IS Right ideal generated by elemento amd (à called 
Prina pal Aight toleal . ITA I ا‎ 
| E A} left ideal generated by ےت ہگ‎ 
element is called Pr nemal Te us (deal | 
| An ideal generated by a single element 
(S called 4 Called a Principal tdeal. 


Femna S# (U:- Cvery dung R has at least me 
Prinapal (deal namely , be null ideal fo} 

(li): - é Very hung "m unity has af least 
uo Ideals ر‎ namely [fo] and he R Generated by the 


ani 
():- There exist Commutative vi ngs far 
hih every (deal, (namely fo] “nd he) Ù prina'pal. 


Such rings ave Called Í Prinapal toleal ving 


le Yincipal Ideal King «| 

A Commutahve YING Mm which every ideal "3 
Principal 5 called Prinapal ideal n) or prepa f 
ideal d. ama: 





hec € " He ting Q integers 2 da prnapol : 
db m ideal e 7 

dd Ee anf ideal 4 fie ving B‏ لوک 
integers ۰ tet A eL. Apo l‏ اھ l‏ 


One || a,—d is necesaril. a +ve nie gen « This 
Shows that l Cmtams ve. sit ers - m 
Smee — ts well ordered ر‎ él Contains a. 
- least +u بے رو‎ ag chs _۔‎ 
(oe > For am ےہ‎ € T, ue haw by. division 
Algorihm cntegers ےرہ‎ A Auch that 
^" LET, by€ET ز و‎ = x«-byE€ I 
But b ù leak «ue eger m & and 
A cb. Therefore A. Cam not ı be Ve. integer 


a ہے‎ 


So کے‎ 
3 and X= be. 
X Thus L fs an ideal generated by cb, amd IS 
d4 Such a principal ideal: 5 
Hene و‎ ip Principal tdeal کے‎ 


۱ ٭‎ Max imal Ideal #// 


An ideal MI f] a ving R A Said to be. 
a maximal ideal 4 R i3 Ka | 
W- M KB 
زرل‎ :- There exeat no ideal k GR Auch that 
Thus Prom (ti 7 JIER: تد‎ a mania idedl, 


7 [^ 


2i یں از‎ A. Proper. tdeal 1 d a Commutative ying i-em 


ten Doy any ideal k GR, MEkKSE اط‎ 
~ | Only when eg Kart wka ke ہہ‎ 


OR 


>| KB called manimaltdeal 1} There نات‎ mo 
AN Propor ideal m R , thich. properly contams Miec. 
Tw an ideal km R, MEK ER TH 

erha k ad ek2R _.‏ . سسجت 

ol ian UAR ii 

C) » ideal 1 d} a rin K 77 وہر‎ apum al ideal 
TR amy k QR وہووفوای‎ A i4 either RaM 

Mc K&R 3 Ke NM o k= RK. 


` #Cxamples# 


tn a dinsim ving D, (0) 4 maxima | 


iue 
— [deal 
Trvialy (+D £ 1€D, Lo 
a Jed J be amy nm-ĝero tdeal.4 D, 
hen 3 * Co) mJ... Buf Du a divisim ving 

So x'ED ۱ 
LJhich qve = XX € d. Conseg uemthy 
J=D . fence to} wb maximal ideal- | 







ly lhe Yn E 7 -/ integers , ‘deal 

(uz d5 maximal ^ | : 0-97 

AS REUZ, UZE |. 

` Fuylhev det J be an (deal 9) E such that 

442 CJ: Then 3 an element .X € J Kuchh 
وش‎ MEST ہے‎ 3۹30 





0 
o» 


| 


dL m aber ویو‎ 
divisible bos. 


Comsequenthy . 
| : i X -—6"n4AÀ . Jav Some integ ہد‎ n ! 
TR LP RE. 1 کے‎ X = @ (Anti). dm um Xx. 
! ۱ But hye Ant لف‎ ao 
mut i رھ‎ ed c | | | 
ooo 5v 2, mut blew J dant) € E accord 
| definihi em d} ideal T — 0 
So a Cotraditim and a4 7 mot prope 
Comteured 7» any obey ideal. _ 


XA dm erven. integer nof 


3)» | The tba d? the ving کے‎ Jonak 


| by a prime integer ا١‎ maximal ideal 


def E bea Prime integers and (el 
S be am (deal ھت سے‎ Me Prima pal ideal 
generated by p. | | 
Nas the ring 4) mfegers 4 a principa 
ideal ying, The tdeal Sha Prinapal ideal: Set 
d be generaled by y- We have. ¥ ۱ 
<P> ےو یی ے‎ 7 
Pp 7 
Z, P= و‎ keZ 
Sp (a Prime integer 
. one ihe two Ontesers k andy must be 4 
vas k= 1 pap. px 
Y, =| > P7. = R 
Henee. . ‘deal generated by a prime net ey a ۹ 


maximal ideal s 


Kemarks It meg be noted tiat no ideal 
i aasi by... Composite integer A maximal" 


| 6G 7+9 
- z time. 7 TERT CECI tc 
An ideal P d? a Commutalive Xing K NN 
Called a prime Ideal i2 V a,b eR, abe D. 
=> dé Ee be Psm ناپ‎ ise duda 
ضا سے‎ We. mote. [hal موب رور/7ے لے‎ 13 
analogous to مز‎ Propenly 4 prime. numbers im 
integers hal i} P 5 Pume and P/as lien 
| pja ple 
An ideal Jenerated by a Prime numbe 
viz «P7 Ba Prime ideal wn he ving Y untegers . 






Remarks # mee 2 ideal aeneyaled by a prime 
A «a Prime ideal ر‎ ideal } ning N integers 
u hich 7 J enerated by Prime integer ls manu mel 
eA Well as Pnime ideal. 


s Óxamples s 
رم لے‎ I» the: 7177 A 7 integers y fhe deals 


AZ = $0, ہے سے تو زارط‎ 
(37 = f 0,43, 46 24,--. j | 
«$7 ST Easa] 


qo bethc:u--] 
aye all prime dak. Hasa. the ideal — 
K>{67 = fo +é, £m, ---- ] à mot 
Prime (deal ۱ | 
Here Av SEX, & € K bul neey à € k ww 
Blaken N sapata zc "M 


& 
—À ےرم‎ 


4 
—— =, x SE 


n 
Lo cocoUT-— a (007080. 


E ES | 

r $ 

1 اودجت * سے oot‏ سیب ہی ہے —~ سب ںہو oe‏ سم سے سو e‏ سر م سید صم سن پوه اه م جد "T‏ — ا — 6f.‏ 
-a‏ 1 
| 4 
J‏ ! 


3E) sse am il pel donat» D «7 B: 4 

Prime Meal A DA 3 
مہہ‎ yabeD, She Sint then 
7ے‎ wv b= 0 € <o> 


4 #) In fhe yin x^ tuntegers Z , lhe ideal <3> 
= EN; 22€ £ ا یی‎ prime ideal fice 
ab € <ق‎ 
> 2/ab نہ‎ . 3/0 ~ 3/b 
ری 0ک‎ of b € (37. 
In Jack: every rdeal 
<P? = f Pn Jm € 23 , thine pw a 


Prime Number J 5 a prime ideal- 4) X A 


FESoblexa + pd u is an (deal. Dg ning R 
dd [RU] -Dx € R : Axe uc VAeK] 


Prove that (R:u] ® an ideal - K Ako Prove. 


that UC [R:u} 


polls J4 04 € [R:u]. 
Thom fut AY EL Ae kK 
Sa = AQ-9€U ۶۸ 
e (X is am ideal) 
2 x-1 € [kU] 


Now we Ahas thal 


Pak Hh €. Ad Vze (R:U] 


“ XE ۵ 


= اح لاہ فور‎ nek (By dein ATR :u] 


٠ U BD an ideal E 
E (AX) e xa yae 
3 Ax € Eu] 


Alo 2x2) -JA € U 9 WE [RU 











So -—— >» حم‎ v e v -_-—- > ¢ 
سے‎ d - m Wow OCONEE wv @eVea & ج ے‎ 
بے‎ €9 9.9.99» ® 9 ee * 


- ہر ھ‎ - wo Do o " » 9 * © ۲ 


mu. جا‎ [Qu] v TEMP 
ene [R:U] B am ideal HR . 
Neu bt ue U Lis 
AueUu ۷/۶۸ (TUK ideal) 


` ^ ue [R:U m 
ie iu Oo [K arbitrary element |]. U 
res ھی زا‎ On LAT 


Oe (RU Cmars U 


V Comaximal deal +f] 


Tuo ideal A £B 4 arma R are 
Called Ca-maximal i? 2-45- | 


Theoyem+ : Prove Wiat 7 Af 2 AYA Co-maxima 
- (deals ۰٦ Commulalive. r ng K wih . 
Uni tien AB = ANB : کے‎ 


Fin} » AS A b am ideal 
Therefore Ej a. c ARC A | 
Sumila vh Oa BW am ideal 4) K, leve dave. 
AB S B 
Hene AB سے‎ ۸۸8 50 
Jed xé ANB 
Now K = A+B | AA 
=> | 2 A+ lo Some. EA, AEB 
his give (hal | 
Si Rute X == x C44) 
= MEA, EA 
But 4€ ۵۸ء۴ ر۸‎ > xA-Axe€AB 
and XEA, JEB xp € AB 
=> : X44 EAB 2x € 88 





ee were Hm a 
we EET OHS سے ہے‎ a wee ال‎ em wo سے‎ ¿ > 
* ) ex 


wae ^o بے 9 یىی ے‎ 
> © o b 
- 
say ee, قح‎ e. "ob d$: a ame dE 
- a wp سے‎ e 6 
> > ~ سی‎ 
' 





F vin R Is said 92 1 : a Se- 
:رما‎ 3 abe R Such that ba eR 
رظ‎ Re has mo. Propos ideal. i al 


Lemadhe If ہرم‎ 
E ر‎ hem to Prove. lhat R 
weed Shas the مبالہی‎ 
bol We See that 


ving. co umil io) 
^ Simple, ise do not 
(a) Aimee by baling را < ہے‎ 
ab = [+o 





i Theorem y A divisim ving ^ d Simple ving 
.دک‎ Sef A (3:0) be نا‎ 
لڪ‎ aw 
divisim ying R — "4 
"n - A + (o) رہ عی 210 ر‎ EA 
AS KA. a diim ying, a i 5 
l:e 3 beR Such thal d "iw 
ab= | 
Honea L€ A fared ae » bER 
For ay A ER, We get 624.1 EA 
> ےم‎ A 
But AER ( By deal; 
مد‎ rv J dedrnitran d} ideal) 
Thus R has no Proper ‘deal 
Also R uU a olivsim 77 amd So Camtauis 
umily 1. So Comdilm — | EEE 
abdo - tor Some a bER 
W fAalintied. 
Jhus dingim ving 4 a Sunple ving: 


m R 





بسو o cm‏ سے سد سوت l o ao ^ - . eem‏ ہے ہی سی ہس ae F um‏ © ہے ہے و س 


— nm 





-- 


"v" 
x— ~r ت٭-‎ = —— 


Toben Jet R 7 the ning | 4 all heal 
chiant om the closed 


Valued Contnuas 
larval [9 1) مل‎ BM =$ fER/f(A)=0} Sha 
fhal M à manimal / deal. 


Fishy The uncos OtLo.17 —> R detined 
by ÜCX)—o . Mxefo I}. belongs o M 


Hence M A nm- empl: - 
ورس ںہ‎ eM ^ 2 
Shen ^(tf-8)U) = fA) — 205) 
| 4 uu =O 


= و-]‎ EM 
Agam. & fé t, fe M os 1 
Then hf(4)s Rf) =o a KEN 

co RA Commulahue.) fh = hif e M. Heme 
M ù dn ideal PR. - 
Cleary M+R ‘as OE R given by 
| Olx) =) doenat belong lo M7: 
det ہہ‎ be am tdeal 4 R Such that 
MON - 

Then JAE WN Auch tat A ¢ M4 
This means (4) to -dt ے۔ (۷ا)(‎ uke c4 o 
Considey U= A- p ت - (۸)ظ عبات"‎ yxeor 


d hen UU) =A) BUS) -c- 6 = o 
SUE 1 ار مرا نے‎ 





Define: VE KR. ھ.(۸) ۴ زط‎ 4 ۷×۴] 1] 
Thon Y x € fo, 2 J Y BCH) = CK) BCX) 
= (< =/=0(¥) 
anri 


bd o 7‏ لہ ے 8 ۔ ۴۶ ہے 
٤۸۷۰ء ME.‏ 


So M mammal ideal ! 


^ - = € o— چب مہ‎ m +e ow LL S 2c 1m x mE EAO سے نے‎ - ow سە‎ oo oe —- .- ٠ - 


\ dr Quotient Kings +f 


Riad .-MÁ Su ca. ا‎ raup 4) a ving K T 
e abelian J all 2) ik Sub raps ave um Varie Y 
Bubgrmps - Thus any ideal T mhe tind ن‎ an 


in Vari amt Seh grup 4 Ihe oadditye jp K and 
fhe Quokent ط0۲‎ 


| ری‎ =f a+I: ۱ء ۹ہ‎ I$ the set 
5l all dishnect cosets 4T m R. 
! مل‎ R be a YI 4 - Cmdr the set 
X= f acl : ہ‎ cK! 
Define addin f multiplicam ہے‎ x as مال‎ 
Fr acl, Le] € X, we haus. 
A+l+bef = ط+وہ)‎ + 1 
and (a+I)( b+I) = ab+ I -— (2) 
First We Shas thal addikm amd vial placa frm 
لے بے لے‎ ane tell detined ?-e cle rna ذ مو‎ 9 Mla 
Sem amd The produd 9 too Gosek Atl f brî 
ca. 4 de pendent J} the Par feulav members Å لی‎ 
Fo tho Get cla -arx pte bax’ 
be.» element | I Auk Mal a4] and (+I : 
a LE olhe, ve predenfahions A a+I æ b+ L vespechudy I 
hem 


ela? = Heel P deo f‏ لی من 


— — —25 (i) 


— (a €x رف زا ا سی‎ 
a atb) + EETHEN 
= aph +41 
> atl t az! 

= Addition is well dedined 











Similar Use. dent / 
(o^) ( 6% 7) کے‎ B کی‎ s 
- (ax) (bx n 


= ab پر‎ axl xb +41 


ab +(ax nach XX) +7 


١ 


= al 41 
= (a +1) ( bel). 
= HMulhplicak'm. ^ well den ned 
OR 
dat actis aO 4t ^4 LEC bı 4L 
=> (Ge-aJ+l=I © 4 (b-bytlealL 
ZF A-aé] £ bb) EJ] 
= رھ ۔ ت۹‎ LB» 1 d- ۱ھ اا-ما‎ jor Same 
Jj A -—-4G3| d b= prel) جم رم‎ ٤ 
7 ah = (w«a)(ni4) 


= Nn — 54-2017 + ai bj 


= ab aby = nN) + vb) tAn 

Ay nn آے‎ amd L is amidedl, بررو+ رابر+رودبو‎ 
= ab db, € Fr 
ہے‎ aL zar 


2 (au) les) 
=) Mulhplicatm mX WwW well de fined 


Associative dau) 7‏ رر 


For a+l,5+2 ,c+LEx 
(a4D4b-I)4 c+! = — (eI) + Ce) 
= latbto+l 
= (4+7) 4 (bro rl) 
= (aT) + (b teed) 





WT ور‎ Aile سس‎ 
The وہ‎ O I m I is the dade 
dti. mM X because. Fr any atl €. X 
(ath) + (0742) = acl. 


34) = æ TAVErSE verse # | | 
Ew eah +٤ xX, ےہ‎ 7 (-4)4 1€ 

amd. | 
(44D) ¢ (c9 tL) = (a-ag4I = orl 


b) *Commulalue Law # 
(a +1) +(b +I) = (at) ts 
= (bta) +Í 
= (bet Catt) 


> xX & an abelian fp urndey addition: 


SH) و4۸ +٭‎ Á | as H ( Mull cah n) 


det atl, L4, ctZ € XK 


(ab4L) (c+Z)‏ = (ق+][(ك+ا)(+ہ]] 
(ab)c t4‏ = 
a(bc) +I‏ = 
(att) [(6+D)(c+L))‏ = 


So € X; DA (^ Aevi — fo p 


#Diskibubve haw # 
F arl, bet, ctl € X 
Then (cL) ( b+14 c) 
— (a4) ( b«c«I) = al(bteg+l 








= abe + ac4+T] 
= (a+) (b+1I) + (a«D(ce«1) 


right diskibutve law holds‏ ماس 
Hence X is ct ving. Jk called‏ 
quotient ving oF R by I amd is denoted by‏ 


Kr U 5 ako called difference ving oy 
residue class 7/3 | 


# Oxdm les + 
fet Z be the ving of integers - 
hen 
L - 37 =[ o, 43, ¢6,49,---. [hide 
آ-وت7 ال‎ cosets QT m Z ave — 
ORL, لوالا‎ sat Ig -- سے اس‎ .. 
otI=o 
٠ ٣ =] 





2A |‏ سط وك ےہ 
The  adddim and multiplicare. tables a‏ 
کی و aye‏ — 


5 
ا 


“Tins SEU 


| -| a | 0| 
Ol Wl] wi) 


S) ~ı o!|-1 
~ Nays 






MI —190!,. 


Írom fe Lables 
Lu em er af T ہے 2 ارم ر د ت‎ 
Shen LT IS am ideal mX and the di 16۸01 
elem ew (1 quotient ring Z dye. 


— — — 


Q,l,.,R---L--- Mel 








f 
7 
7 تسرد‎ T. » E . n _ جیا‎ tl و ری ا رچ‎ di qai: dee d ا‎ 
Kemarks he jite ا ال‎ 4 A (vist anc ur y'a ۱ 
K L^ ehe. the Jnvial TING (A) ov lhe کی‎ ; a M 
۶ ا‎ 


Theorem An ideal Mf o2 a omar Ve 
| ring R: sih unity A maximal tdeal 77 R JA d 
[a Field : g 


faot S pese M حا‎ maximal ideal m R- 
We d that hg is Field 
wa b R is Commutahve ring oh unity 
d. Kp dh lo Re lastue and has unity 
: T= t+ [7 : 
lo Ahw that Kip [S a Held , «Je have 
mly to Shas that every NM- Zero element PKA 
hae wveyse. 1 ۔.‎ 
daf a+ tht + 7 ر‎ a & rf be 
a nm- gero element بس‎ Eu. 
Consider the Aubset 
K= GM, azafutrha i: xem, AER} 
j erated by 7 amd. a 
adl. — for any yE 5 and *«tAa€ K,ue 







u 






1 ۱ 
مھ‎ B JA 71 
بت‎ 1 AG 


haue 
(x442)] = 3 3-tACGCH کا‎ ) x34 EN 
ا۷ا ہیس‎ jOc +a) € K 
Them Kı. AS am: ideal 
٣باەسماہ‎ Ti ù properly Contained نی‎ K 
1-e FEE Ka R 
S ce 24 M becaue agtt andaék 
2 k= 
tes Thoye: O. amn AAE Bh: 2andoA, E R 
Such That ہو‎ Aid = 1 
= Hithiatt? = dt Fi = 
De GvLIm, et NA 1 | 


\l 


74 


d EAS 7۰| HM (atM) al 7۰ے‎ 
à wv A Hy 5 2 عم‎ licahve inverse 
I} fae td on Kit. So Rhy ظط‎ «Jed. 
Conversely Suppose that ہہ۸/۸ط‎ ts a Jed. 
Then Rn has ! mly Tuo - ideals namely fo} and 
|۰ ۱ 
Suppose lla Mis mof marumal (deal. 
Then 9. am (deol K 4R Aud that 
Idcm xem 
But then Kh th an ideal وا‎ RII which 
۸ Proper ideal, a Contradiction: 
Hence M. A maximal. 


# And Yo] o} Converse # 


Suppose Mial RIM & aẸfdd. Ako Gf M 
be not maximal. (We * Aha" that) Then there ù an 
tdeal ہا‎ R Auch tat 

Me سی و‎ 
Suppose that K m Eh We. how that K- KR. 
Suppose ملا‎ KÆR and € BEZ RM: 
Then ¢ M, bo x+ I ù a Yim-36ro <lement 
2 Rr : ےی ی‎ K/H a Feld , L+ ha^ wives 
dx mM v Fer. 
(x+ FT) (J+ PJ = +۶ 
nyg + تہ‎ d 
= l-*je€erck 
ی‌ یڈ‎ Kin am ideal A R and “EK, YER 
Ao ay ER- Heme 1€ ا‎ 
کر‎ o A € K 
یمیا سور‎ 
[es 
Qu^ M K ux 
Vence. k= R ,a Contradch on b kc R 











٠٢ is maximal‏ ےہ وأ 





Es. M be.-a maxima! 
ideal - IR ST R ۸ Commutahve , Ffa b^ 
Commutative Fuyhher 1 »ا‎ uly PR. giver 16 
| that KM isa Field, it نے‎ Sufticent do prove Wat 
| every nm- gere element $ RIM has muHiphcahve. 
MVerse. ٠ TEMA 
n Je la) € 5/4 ilm x ¢ “1 
Consider E رپ‎ ۵ Ji 
XK = ix Ae R} | 

XK» am deal Q K amd x=x«-1 EX K 
mee xX € If 4 x ٭ ×٭ ر‎ ٣ر‎ ME +۴ 
The marimall, QA gues M+xR=R 


۸3 ain Lek = M+xR 
=] tene (27 y-Ac€ KB لسر‎ that 


| — m+ 
7 — XAT 
= (pcr) (TT) 


= o, خا‎ aunit element: 
Hence Kya 5 d eld 
Conversely let ha i a field. . Next Prof ù 
a» boy. | 


Sace there U Ne interference. 4 gero‏ ۳۴ج 
divisors m fhe above Ibegrem, “a Commutahve 7‏ 
Lb amity "y men be. replaced by an mera‏ 


d main. 








۱ , Theorem# An («deal p fla عوسی‎ ving 
R od unity ۵ prime. 122 Kp A am 
integral domain: 


Fake Suppose ا‎ (ded PAR wo 
Prime dul! We pow thal K Jp ð 0m 
integral domain i à 
Let K/p is mot. am integral | 
demain: 
Set xtp #otP, +6 otP eR 
be nm-gero elemenk 4} RIP 
Sappute Mal 
&+P (ItP) = o+P 
=> x +P =o+P 


Sca Pò a Prime deal and wy € P, 
Ae LEP yep re ہےر‎ = Ps Ytp=P 
A Contradiction 
Therefore Rip A am infe val amen, 
Conde, />ppose lhal K/p ù am uwearal demain 
Then For dl a,bLER, abe P3 ab+P= p 
> روابطا)زا+م)‎ = P 
3:092. bp Do py 
کر :0و‎ wv bep 


Hence P I a Prime ideal 
Corollary # ا‎ Cwn peld نا‎ am integral damarin, 


Fals Tf Ls a field > LY = 0 Vx,1€ F 
Then PET Jx’ EF Auch lhat 
a: x= e 


So Ji x64 = xj o M) xo = o ] 





4 
d oem 
à مج‎ m 
M سم‎ 


Corollayy # 4 An -integral demain men not be a 
Z 7 Qu trile ral. doran ` buf vot Field because 
jr REZ , ther does not exl LEZ Buch hat 


Tours Y 2. =| 
So ZK nota Held. 


Corollary + 3: Cvery maximal deal w a وئوٗ مت‎ 
۱ ung uii unily 7 Prime. u 


Ios] 34 Lf Ris a Commufottve nrg wilh amily and) 
kT O manrmal ideal wi R, hen by previous 
vesult Kha ts a Fold. 5 
Sunce ewr} Feld 4 am integral donai 
ر‎ Ao by Ihe above Veove,m 7 5 a prime idl 


# Oxample+ 
The ideal <47 tm E, Da maximal (deal. Bul d 
> not Prime beceuse 24 € 442 bul 2 £ d>. Hence 
im A Commutatye yin Lh out umily a momatimel 
(deal need mt to be a prime tdeal 


Froblem + The xng Hoy A wy integral domain 


1) mi a prime. 


WE Um Duppose m B a prime b. If A] 
av. ele&menh 265 such that 
[AJ] = fe] 
> B oUm c =o (med زع‎ 
= x has no Boro divisors 2 
ys A am entegral domain. 





L 


Suppose hoy n n an integral you pe 
omi nof Prime ہے ےن‎ 
M = mr. | C mJ, malem 
ےم ہ؟‎ [m] = [m] [m] = o. 
tshile nether [mJ] =l] nox [m] = [o] 
| > A U not an integral olamam which % 
Conf rary fo the Aupposiiion that JA 4 AM itera 
Oman - 


Hence m 4 Prime : oa 
JNole s Mere (m) =Í mn [nez ,"£el 


Sable x For amy duo ideak AFB Ga ring R 
such af BCA, prove fhal 7/۸/ و‎ and B 
are nil polemt (nil) empty A ®& niloolemt (nil) 


Solulian + det Ajg e B be سی‎ 
Then (Ap) = (8) B= (o) Jor 
(Same integers تھی‎ 
Now (Ap) = (8) 
23 A S B 
3 (c B 
ہے‎ 2 — (6) 


Ə A نا‎ nilpolnt ideal - 
Now tt a EA, hen a+B € ^5. 
| Sme A/a ts nil, there enik an mteger 70۔37‎ 
Auch that : 
(a+ = B 
3 a € B 
A gain A B A »l [bere emih An integer m?o 
Auch that (a”)” Os سے ” ”نے‎ o 
— ہیس و ہے‎ Hence A 5 anil deal GR 





Ix 


m H domomorphisys # | 


det KR, R’ be fwo vis: A mapping . 
eq: R — R Is said to bea ring. honommphitm مر‎ 
(a) 9 (arb) qu + qh) VabeR — 
(b) plab) = g(a) Plb) ۷ ٠ى‎ 


Te mars + Clearly (a) hows thal a - بارس‎ 
| a 2 gp ham omerphism 7) he addi Ave ع0(‎ 
(R, t) amd if Preserwes the. Product . 


+ Cpimarphioms# , 
| | A hongmaphism P:R —R 
b called am €pimwphkm i} P Is onto. 


+ Mion NO lS ¢ 


A h amo marphims P: RoR i called am» 
monomorphism i} ep /À me-me l injechve) 


# |l aphism He | 
A homomorphim P:R—R ا‎ called am 
Lo mar phism 7 P ۵ا‎ boh |۔/‎ and onto i-e bjechve . 


Ly Auch case rings Re | a axe Samorphic 
amd we علزرررے‎ d as 


R=R 
e ndomars hism # 


A bamonmuv phim 9 4) ana) R infote) chel? 
s called an endomarphim 1-e A homomorphism @:R—> f 
ذا‎ called am endo morphism : 


جو 


` yy Alulomerphism# 0 
| pem An. endomorphism 1 
E R—R which ù bijedive A called. an automorphism. 


H 1 evo- Homomorph [SNH 


p" homomar phism 9: RR 15 Atud to || _ 


be pore ham orae phism i} PR) =0 


# ( samples Jr 


2: S — R by 

dC» E. 6 PNE Vxe A 
Shen clearly For amy AY ES 

Faty) = x+] = f») +F 


j) = HY = fiw fy 
Thus 7 is e nn bomomar phim drm S fo R 
Jt is called an vaclasio mapping - 
A, 3t) det A be amideadl 4 a ring R. 
| Detine f: R — ۷ by 
fA) = A+A YVER 
Toen FAD) = UA 
= (A+A) +(A+A) 
= fy ft 


FUN = AA+tA = (A44) LAHA) 


= f(A) f(A) 
Further 72 ts clearly onto 


Mene f B am e Pimarphism 
Jt L^ nof /—] y 
Lf A+ dd alo) va A, Then 
f(a) = a+A=A 
amd fl) —o4424 


amd 





سے 


| 4#) dd S be a Aub_ring of K- Define 


| Hence. fta) = 7 ملاس‎ sa, bein cpl ud 
| سر‎ 


Thus. EF L^ Lf LL... E 

| This. map na 1S called. lies سا‎ 

] Sau. ded کات‎ 
Ting . 





AN WE: | e€£ 1. there Ka 


De Fine f Ri- ZR 7 


F2) a V(22)eR. 
Then LL S) « (ET (^r d ا ات‎ 


ares ۱ 
UFOS 

wd FF )تی‎ (oat 

- f(2 2)-£(2 °) 


Alse ہف‎ 


So f ÙO me- me 
Finally Z 2 Clearly onto . 
Hence f A An Ssomorphisn: | 
d): - det ۸7 =f athle [a,b €7}. Then M وذ‎ 


jung under. usual addim and ull cafum d) 
nw IU numbers ٠ 


Define f: M Ls M by 
»f(a4Mi) = اہ‎ V ath € ME 





Flake “ted (face bf] 


mm " EEE 
- a-bfy جا ہے_+‎ 
ES F(oxsUz) + fce) 


"f lathe) Ce 4[z)] 
= Ee ac + 24d + (ad Abg) f J 


Bir — ac+abd — (ad be) fu 
( a- 4c) (c —241-) 
= 7| ك+ء )7 ۔ر+ہ‎ 


lene {f نی‎ an automephism 


1 


53): - Jef C be he رر‎ d} Complen numbers 
and Q The rings X Quafernions - 
Ded a mapping $:c —3@ 
a^ 
0)7 = platit) = al+tib Vr- atib € Z 
Them 
[w Ziz arik 302 darti €F 
P (árráz) سے‎ P [ (aita) 41 bbs) | 


(Artal + ال ا+ہما)‎ 
al + رط‎ + dip bat 


and P(8) + PB) 


P (ĝi d») = P [ ( ajar — bh) +0 (ab. + arb) J 
(aıa bby] + (abe + Arby) i ` 


(al +h,i) ( aif + bi) 
P (d) ۔‎ ۹0 ( 2) Hence ۹ ia homo ephise 


MM 


1 


| 


J || 


coo Kem Fx guget 
ٰ P) = e Càx) 


"e * 
' sn? 
- 
ve 
oo 
oe 


OE tbi) = arbi} 
سم ا‎ gz o 
a 2 emo n or phim. 
| heorem# If PD k a لمسوہوا‎ | 
————M onm NIS, ; 1 
(a): She ےر ٹہ‎ Q the زوس‎ +R into R ما‎ 


۶ Qo) um DR A lke gore AR’ 
(b):- The mage 


P) = Plato) 
= PW + P(o) 
PLY (Cancellatim daw) 
ad+(-a) =o 
Pla t9] = pioj 
PY FDC = o 
PLY = - Pla) 


y‏ ل 


Corollary Fea 


all xj ER, qCr-1) = 90) - 9(4) 
= PU +] Ky) 
= PA- Hy) 


HKemarks + 4#) If boh RÆ e aut. petteslipa. 

umil elemenh | amd 1^ fw thew mul//flcabo 
^W need not Follas QC) - 1^ Hasever, if R'is an 
integral domain oif Ku arbitrary but o ð mto 
Men qCU-! Lb indeed true. _- 





84 4 
At) C vet ۸07 phic. image 0 am » degel 
domai 6 field ov Sheeus preld ) 8 am. spl ہما ہہ ہل‎ 
Év ai ےا‎ umage qa. m val ceti 
is). fun - mai: sage 0 aL Comnulahye.. 
| ng ba Commutahive yi» " 
5 #) Every LA dmav phic mage da: rng zril un; | 
ما‎ aadm a yin wilh umily EM 
6 #) Every سس‎ IC jÊ d} اہ و‎ YA 
aeo dinss bh A ring کرد نٹ ررے‎ gero divikars- 







H SNCOVEM # Je g: RaR þe a 'honomaphi 
Jhen hamemaphic image OR ù ہے‎ 


Subring HR 


Fos] # tet a’, bc (RJ. Then there ave. 
0 be R Auch lhat 
Pia = a’ Dba را‎ 
Se | 
ae j^ = Pla) — eu 
— Pla- (~ q Bhonemophiim 
2 obe PLR) 
سز‎ 222 Pla). ploj 
= PR ba Subring A R 


Tais det 9: R— R be — 


and et $45/ be‏ مھ 
Aubrings EK and K^ Thm P(S) V EL M‏ 
and J(5 A a Á-vm GR. E‏ 








=f PER aes} —‏ 22 وہ سد 
o has that PSIS Wa pr N e^ 7‏ | 
: ار ہے (og PD, PW‏ 


£ K- Ply = Plab) € es) wa-bes | 


POMP) = Pal EQS) abes 
So PAS) 4 a ub-ring QR 
Naw Consider 


zi | | 

T(S)-faeR gage R} 
| eae qs) 

dta b c PCI 

PWES £ ghes 

Plaj — Plb) = pl a-b) d 
- 73 d-b € P(S) 

| $3). 9) = Play es 

1 سے‎ beds 

Hene P(S) E: a- Lub-rig TS کر‎ 


Ky ideal‏ مم If‏ + روط اص کل 


here enui 2 ا‎ uA ^. " 


Then 


Solulian 4# Define 9: K—_s Rr by 


Then Pù pe pM 
| For alle PP mE کے‎ 


q(a4Lb) = (a+b)+ T 
N 3uT- ا سد‎ aT 


OH Foo] lS iS a Aub- vto 


e‏ پیت چ M‏ م 
À |‏ ہے T OT‏ 
i [ 1 ? : b Lt aie‏ 
٦ 7 ۰‏ 
ANC‏ 
cr 14‏ 


gh nu 


MEN Hence dq 7 a AM A^ hism BR onto My 
—— MU ù called nabral himomaphsm: 


elemel of Homomorphism xf) 





| ii Lf P: K_»R í B a ving homomorphism 
hm the set 4 all those elemenh 9 R 
thich , Are mapped om fe  addWve. (denti os 
~ ff R A“ called feme! AP and 4 
dented ty Kerg of LER: PA) =°] 


"ted 


! ME + Gxamples + | 
Ag): det J be The 7m 5} integers and Jy 
| be te xing I} integers modulo n - Define. 
و‎ dn d^. ! 
QU») = remade. Yar an diim bn 
Then ep ۵ honomomur phit» d] J mto Jn 
«Jh Ker d = fan ‘ a Mam اک سے‎ 


tt). Sef K EE R be duo rings Define‏ ر2 
a mapping ep: K—5E a |‏ 
P(N) — o Vx ER‏ | 
j‏ 7 شت کر Then Ker‏ 


Ly 3k): Cantida. The‏ | ہت 


Yung mE 2 


IN 


Ld oth A کپ‎ = omena, myn are ews) 
سا‎ Under additim amd vut plicata (] veal numbers 
0 —— — Defme a — P:K—R a4 


E ome 

dhe 
P(wmtnfz_) =o 
= m- nJ 
| = M = O= 2 Los 
Hence Kerg =fo-+tofz { = fo] 
Shememe Ifo ġa homomorphism 4) R 

into R’ wil Kernel Ker P, hen Kerg i 

a Aubring 4 R | 

Figo a Set a, b € Ker p. Then 

Pla) =o 


— D 


Plh - ہ‎ 
۹٢) a - b) = Pla — PCY ):' Ph hanemap 

-— Ou 

=> a-b € ker 

Xo Bat Kerg D d subning d} K under. 
addition: 

(iı) Plab) = qa) $t 

= O-O 


۱ و سیت 
ab € ker P 4‏ 3— 

> Kero is chsed under addin - 
Jh Kere ba Aubying AR. 





ES 


| xu def P:R R’ be a honomarphism 
amd bekt E be an (deal Hh, hon سی‎ 
| db an weal 4 cane . 


Bofe PA) = Ie]. Jael, x= ee] 


CU, Ó = eL) 


Sa. 0.€ eu f PCT) 3 mon -emply 
| Sef ہمہ‎ PD) 
Then j aber such tat 
X = PCa) J= Ph 
36. 342-25: 5. May Sep) 
| — P (a-b) 
tlds elon! 
-> a-ber ( By cle گر‎ 7111/7 D ideal) 
2——X—£-6€ I) 
Lf 4i € PCR), Ten 2 AER Auch that 
) 0 P (€) 
So Ain = PCL) Pla) 
= q(4a) 
S 4x € PL) 


Similarly HA! € PL) 
Hee PE Ò am cea 


Jheoem # et P: ka 2 be q rj echiye 
anamarphitm : Then P am 
omar phitm ijf | 


— = [oj 


( D. cp 7 homo mies) 
A Rael ( £5 مال‎ 


ux 


— omarphism Then. و‎ bs | ۰۴ء‎ AMCs S| 
We are to shw thal Kerg = fo} A] 
-dA x e kewp | 
Thm Pu) = o= plo) :۱ 
بجی کت‎  ص‎ ‘(SQ ےبوے ےھ‎ ) 
- Wonca Key i ieu | 
Conversely Suppose thal Ker @ = [o] 
~ We ave fo shas thaf Pù me-ome. 
Jed fr رھ‎ AL ER 
P (Ai) = ep (4) 
Then D(A) — Plh) = o 
= PCi- Aa) =O 
=> As a. e Key P = fo] 
=> RED نے‎ 


V Fu nolamental Theorem of Homomorphismy / 


Teorey det RR be rings and g: RR 

| be a ‘ech've harzom or phim mm» 

(a Kerg is am ideal dm کر‎ amd NI 

| (b) Fero 7 (ooa ےار(‎ fo بط‎ (e. 
R A feo p 





(a): For any ideal I d] 77 K ) K/r 20-0 
image [^ ےم‎ Conversely (f Q:K—— KW A am mbo 
honemarphisnr مموظار‎ RB (em) Aamarphic ts" quotient 
ring d) R. Indeed pi E/ker o 

Ok 


-|fe Suppose that. HR ےمج‎ an 








Dn SD Oana aaa e 
i 
i ' 
t 
$ 
d ۰ 
' 1 





Pai d سا‎ 
وی‎ 
La PR 
C pow 
u$ 572. un 
ور یہ‎ t= . 
ROS 
8,۹ ' 
ME. Ta r 
nay rr 


d " 

orl 20 homomarphic image Having ہے ے‎ 

|. Bamaphic. to Kame veA'due class ring thered, 
Conversely. eve) residue class ying d) e ving 

LB. a_hanomwphic umage /) fhe ving 7 | 


p: R—> R' be. Savjeckue. . 
att AE hamoma phism. = 


Now Ker = (x: Piso} | 


dl Fist we Shas hal Ker? Ò am ideal. | 


fet x, ¥ € krp 
Thm 


QOU-o , @ Jm” 
qpoc-1) = - PCH) + )(-3)— 


——— = H-E Kerep 
o TEE TM det RE key. LAER 
P(AX) P(r) PIV [— Pu و وورہ ہد و‎ phir 


۶ص۰ = 


So Wwe Can the fady ving (Gluctiont ring ) | 
K 


De i@ A 7 7 
am : PALA R e Follows 
[۸)م = )1+ یب رما‎ 


Then U^ b obvausly Auwjechve became 3 
fw ead ZERF aw ۸اءۂ‎ Aud that |- 


E XL Gssep A.) Lo 
and P (EI) == P(A) 


| + = EAT) 
om»). : 
| = P (^-42) ETC" = Ps hamo, ) | | 
(— AA é ky ear o 0 

=> Ai-he =k hel . 
| => A — i+ ec Arcel 


Bu Ac dt (“Aroer 
e ez )-— "up 
Hence Ait l = Rat] mE 
ES fiso Cosef /j a Sub-q raup determined by elements 4 | 
e بإىع- یدشر‎ are esther (dentcof or dijawa tfAere | 

T +) ۵ Ade (RK +) . 
Therefore U^ O bijechwe. . | I 
Next We P rove u^ 2 (an) h 710 mr phism- 


nb ARTE RS, bi kee‏ کک 
V^ (Rit It Aztl) = WO T)‏ 
P (Ritha)‏ — 
Ae CIE,‏ 
and = (itl) + WA, p)‏ 
Y EHI) At D§ = Y (44:12)‏ 
ỌP (Aka)‏ = 
کے سیت i A). Plz) d cp à‏ 
(tır) V (424)‏ = 
Hence W ts am tomar phim and‏ 


Ki, - f cR 


Nd 








cui othe o M‏ ند Qf‏ وت ور 
hamomecflhum 34‏ لەسلە× he‏ مہا ` 


Vk 


. * سے 


—- e$) exo Vref 


| 73 onto , Ihre ore K/r lA a hamo er hic. mage. | 
Conuysely dt d bea hana mrp his m of 


R oo a ving A’. det Ta Kerg, hen L 1i am B 


eded 4 RR 7 
Gani Define a mapping Y! K/jp—> R 


Y (Atl) = PA) VALE Ey 
Now for am] A, Ar € K/r ue hav. 
3 2, = Ar 
oS E Arztl 
e 2)-A.€ I= Kerf 
ez P (2-22) ee EE 
e Fv = $0 
e wv(A4)- v0) 
This Sls lat V & well de fined and due-ane 
Ako _ _ 
بب‎ (4 the ) = V (Ritha) 
= P ( iA z) 
= V(À) +۷ ux) 
án وو‎ 
DE (4 L) e 
= ل ر‎ 





[à 


" Finally : eA ups TANE. ga 
We gef Y & milo وو سن‎ | 
Honee U^ : Ky sR ۵ا‎ am Wom arphisr 


R = ky 


Corlay ¥ ٭‎ à a homamorphim a il 

K into a ۵ رگ(‎ hon fhe Alri 
"n K) &} K Us Uer ger rina OY a Field Samephie 
o K. 


Kole Sd korp be the femel Pp | 
Then Kero ts an ideal of the field K |. 

eber I-Kerq = (o) or L- ۵ہن(‎ - K ak 
A. a field has no proper ideals) 


à |‏ تک لہ 
Kerp = l-K => cx) =O Vxek‏ 
So hat Pk) tb a gero ring .‏ 
lhe kernel Cav ifs‏ ری( ) If i= ker P = (e)‏ 
o alme. and he homama phim P 2 essentially‏ )4 
an Aommphitm - Thus m this case d à am Loy phism‏ 
hhe yield k onto PLR) thich must Mere fore be‏ 9 
a field.‏ 


The aboue Corollary Shas hat he‏ 7ی 

Concept 02 [he homom phish mappings 
á} a Field ا1١‎ Yalhey iva). A hamomerphic umage 
ij 4 field 15 £l bey The pero ا‎ OY ct Field ‘Somerpht 
fo the Ven Field: 





el: econd haw of Lomaphisi # X 
1i O 


—— 


jn pm Tu کت‎ of امام ضا وو یآ‎ 
1 Jheorem + : 


, en du Bc A be two ideals n» 


~ (fa) 


ےس 


- | ^ (Ala) 4 
Loot She quotient rings E, 1 A/B, 


B. 2 i kJa Ore meam feel because. 7 
سے‎ A aw ideal e] R, As Wg and kK 
Cmside mappiv 
P: Kg ——» fug defined bY 
P(A+B) = A+tA Hye R 


Then PB well defined because. 


A+B = 448 
2 AAEBCA 
" 2 AtA= AtA 
9 [Ait B) + (Arte B)] = ۳) Artz +B) 
= Žıthı+ 
— A144. t Arth 
and = $(A148) + (4B) 
P [Ui t B CÀx€B)] = q [445] 
= 77 +A 
= i+) (A2 + A) 


9 (A48) 9(A-4B) 


Homa P ts homom phim 
P ا‎ obvious by mfo 
Now A ù (dentily membes Sf Quokient 


ring Kip | TEN 
|- Mo ALB € Wa il belong to kernel 
| P(AtB) = A — سس‎ 
e A+tA = A AMA 
e AEA 


Thus A+B € Kev P ili AEA ہی‎ exuivalontl 
مہ‎ £D. D a member of AIR 
Thus. Ker P ے‎ Az 
By fundamental Theorem of. Boma phism 


K^, c Ka 
7 ero 


# And Law of, Lsomoyphism qe 


# Oud /eorm o? Lsomonphism # 
det ALB be fun ideak ofa ring R, then 


Br B 
E — ANB 
: OK 
ما‎ A à anideal Qa ving R and B any Subring 
of R , len 


tÊ ہے‎ B- 
Cr me 4/8 








,R 


Define o: Teeny EL. by‏ ! مل کوک 


E Plh) = b > ٦۶6 
nd det bi, bi € B, Ihen | ! 
وا‎ (1). Q5 bi) mm b+ b. = babs = phy) + d) 
Ww) 9b) = hh =b he = tb. سی‎ 


Thus P B a hamomarphiim 
NO KE AtB 
= مر اس سس تس‎ some AEA , bEB 
So X — a45644 = btatA = 547 


as a€A 
i Hence 2 7 inis 
| Finally Ker 9 = “ae 
be Ker? <> b 
© b4A= aed 
ES beg 
G beAnB e 5eB 
Henee by fundamental enem of ham omer phi m 
AtB c Ê 
| A- Kerg 
425 = 408 


Ok 


We first shw hat A+B :ا‎ a sub-ring fR 
md 4-4 am ideal of A+B 
Now Aaef , طط‎ >> 8 
2 arb € A+B , of thE APB 
We have 
(a+b) (ath) = aa-ab4 ba’, bb’ 
A ل۵‎ am ideal ` aa/€A ,ab'eA, baty 





v1 
۹ 





2 
J B ےط‎ Sub- 7۶ سط‎ MAS duoc ا ا‎ 
نت‎ abis ees Abe € Bons a essi eu. 
Lt follaus that (a+b) (0'¢b) € A48 
— (ath) —la4h) = (aa) + (b- 
اا‎ Shs A4B. OB a Aubyrna of R. Als 


O We hewa 
ible C ipf cif 
ht folass ba 


f Aù an ideal d} APR ( ving) 
fhe Symbol ALP (3 meaning ful 
— Conida fhe Junchim P: B — ath 
defined by | 
[ Pl) = b4f 
Firstly we shas hat P 4 onto | 
نے‎ det Nx be any member of APB 
So that x € ALB á 
Them 


x= a+b تل‎ en a€A,bEB 
We haye 
۸+ = ے ا+ھ = اب+وھھ‎ Pb) 
Z mto 
7 T ¥ رط‎ b EB 
P (574 bz) A+ bit be 
a | (A +h + (A4 ba) 
f (b) + (5i) 
P (55i) = 4 طاط+‎ = (Ath) ) A+ روط‎ 
7 PY) رم‎ 
=> P 7 bam وور رر مو جورن‎ < 
Nal we iden bfy Ihe femel of homomer phism 
The (dently d} Guotient ai A t, d he 
Gre Ato =A 


clearly POJ ے‎ Ae Ax 00 


HEA | : 
= x € ANB يه‎ 


jg اا‎ 


Thus Kerg = ANB | 5 | 
By fondamental heorem 4 isomorphitra, weha 


. AA LE — 


Ala — 


" heoremy det F be a Field . hen every Surjechye 
: j pu m om ev phism Pp: مغ‎ F B eier 
7 ۸ن‎ [ i hamom wphicm OY As am _aultom enim ۱ 


oof ip tet F be a fidd and P: F— F 
o a homomorphism dek Ker g be. kernel of P 
Then -۔۔'۔‎ 
(si keg = [o] wke =F 
e ` NP ھا‎ an ideal Q E and freld has no proper ideal) 
EI # If kergp= F then d(a-e ع۷ا‎ 
So q ^ fhe wal hamomerphisro 
cater sy Jf Ker = fol, hen p ^ mjechvre because 
| for a,b € F and 
pla) = PC 
We haue 
pla-b) = 0 
= a-b € Ker 9 = {0} 
| = a -L zi ا > ہے د‎ 
IM. A Aun) crue . Thus P ú bijechua ama So ù am 
بب( بات‎ phism. 


Sheorem#: If 8 be am ideal of R, ریز‎ 

منوس و Ip Lo‏ کش | 

A one-one mapping of tte ہے‎ E Q subyvings of 2 
]و /ہوح‎ 5 M he Set x o} Suk- y) p 
Ying E. . Abo TA Qu / deal of R Containing S 7 
Vs i an tdeal of B/s - 





«— 121 ٰ ٰ 
eof Le [bea sub-ving of R Containing $ 


So thal 
| nu ھچ‎ 
Now Ñ beng am ideal of R , We have 
Sx = xS ۷× 1ء‎ 
Qmd ہا‎ parhculav 7 
Sx =xS Vx€7 (VST) 
> S à at well ancdeal of T and Therefore 
lhe. Symbol ]^ (4 meaning ful 
We "ww sha hat 9^ t^ d Subring of Kfe 
Jd Seti, Sth he two element of Ts Ao laf 
t,,€2 ET 
| 
| 





S46, Sth aw aswell membas d] Rf. 
Mow 
CET, C2 €T — ےے٤7‎ : Theing ring 
= S(t-) € % 
> (Set) - (646) € 75 
Aso 
liE J ,€2€7 = LitrETl I: T 6 ور‎ a ving 
=> Slul) € 1 
(St (sh) € T 
Thus 2 {Sa Sub-ring of Kfe 
This ako Mass that mapping 1 wedl- defined 
Conde nas a subnng of Kye Ao laf 
the members d fox sub-ning"home or dll of fhe Cased 
of ۔‎ Let T denote the set esete umim 42 hese 
Cosefs : We Shall Ahas thal 7 Ka Aub-ring 7 
Contauning S- 
Jd xj*2€T 
bo that Seu, ے+گ‎ are members +} the Aub-ving 
of K/s om queshm. [t folaus haf we have 
(S ex) — (Stx) = S4 (Xi- Xz) 
amd | (Sex) ($19) = Stuer. 





a) Sae (.x,— X2) ge. 5 tX aye. aswell Cosel... 
members d) the. gubring. of E. رز ہہ‎ faf 
MIA XL $F xz Ave members AT. Thus T 
A. a Aubring of K Columna :گر‎ 
Thus we Aee. bal the Sub-ving under. 
b Consideration of E n Ws d 7 folu: hal each 
d چت راوہری وہ(‎ of the Aet 5 o Aub-rings d] Ris ú 
il of the Form Ys where 7 ba Aub-ving of R 
Cm air? NE | 
RR 0 چا‎ Thus each member of Sa L^ F- image 
o Aone member dp s Ao haf QP 4 an guo 
028/99: lo Shas hat P ۵ا‎ me- Me, we haut 


only fo shag faf eai rud ita 
Sef (€ 7, 


So hat tt € D. = ly, 
There £o ilt loved ave. l2 ET Such lat 


Sth= ope 
Jus te Set: 
=> گ27‎ 72 

7,c Tz. 


> 
Similarly 72 o 7; 
Hence TF, = Ty 


Jeans LIN be am ideal 2 R, Them 
fere l4 /—! ہیں‎ on dence betwee 


ideak d} R ۸۸/77 N and ideak oj Ka 


uee 
SS = 


prom K mto AA, . def be an ideal ۸ہ‎ 
Conan / ng NV- Then 
۱ f(A) = f f(a) | aeA|-ia«wl a€A]=/y, 


oof Jet f be We nalural homomorphism 


tol 


- - > - 


Consider hoà ideale. AEB SRA mfi] AL : 
bed Thal ۱ 


f(A) = ft&) E 
pe AN = Èm 

Then qu anf AEA 1 Le B Such that 
| | ٹپ‎ +۸۷ = b+N 
=>. a-bewcfm 


| => A = (a-b54b e B 
Conseçuemtly ACR 
Similarly c 


Hea A=B 


Thus mapping A و‎ fA) d) Ihe Bet ٠ (Conkeuining) 
È all ideals Contauning fo Set E Gall (deal A Ry 
ذا‎ me- me. 


ےس Abas Bat‏ عو thal ct adi‏ ایل 
ideal dD Ry (s f) the form f(A) Jer Some ACE‏ 
tet X ) sore J E‏ 
Defme‏ 


2 و‎ fin) € Xj 
Since Por tn «€, ftn)2o€X,we gef 


0۷7 € A Qe ۸۴ب‎ 4 
Vow we shas thal X= F(A) 


For this we shas hat Aw an tdeal d} K 
|. Jd a bEA, AER 
Then fia, FU EX, FU) EG 
Ja fla-b) = feg- fly) €x 
Far) = flafn € X 
and f(ra) = f(r fla} € X WX BW am ideal 
| Kw 
Cose quently a-bEA, ar€A4,Aa €4 and 
A ts am ایر‎ OR. So A E F. Hone proved. 





lo2 ہے‎ 


m 


Lioblem # Y R ts "Ua بے‎ amily 4 and fita 
تی‎ gy meme phim LE ufa am inteanal demain 
ee Kerf + R ر‎ Prve thal (u A umily AR 


Dolan s First we Many Wat fi +o 
Let flv = o0 | 
Then ta all» e R 
709 —10x) = =o 
=> R= kerf. 
hich i Contrary to iver Conalhian ٠ 
Hme — f( Ko 
Nos (fol = ft) fw = fit) = fu 
| er. BC mom 
(A. fD — A4] fu = Atfu) - AK) 


=> Afy =A بے‎ FWH#0 and 
۴ A am mtejral 
domain 
Siwe R ù Commutative ,fTuA2A YAER 
Hence Fi ^ uwnly QR 


Koblenz fave hal the only hamomephitms 


d} © into itself aye (dently 7 and 
the "n Daf pends every element into jer : 


Dolled del f: € — Q be a homomorphism 
Tf FO =o , hen Ke fÉ2Q 3 fW=o Weg. 

Tf f £0, ten o Qi am integral damn aum 
By above problem above ft) i unily م1‎ Q- 


So f( =| 
det n bea +ve integer ; hem 


f» = ÉG + ۔ ۔ ۔ ۔‎ nme) 


un — — À "AN 
— Cy tT + a وت‎ . o mes ور‎ fey ہو ے‎ | ۱ 
E nso... ten £) = o > fn = ور‎ 
If nù و‎ negahe- nteger, put می _ وو‎ 
-MA a Ve deae. hem | 
dom = jen)» 
Hence Fy =» 


Jor any yYafima( YLumbeA .. E, PEX 
P= +h, ۲ 
د‎ ft) (گڑ )روہ‎ ; 

f(%) = ZU — P wole hat | Ó 
27 4 f9) 7 uit 


Hence fo all LEQ. fo) 2 x , Jo f=aTL lhe 


tdentily me pping on&. 
Ionen à Lel X be a Set and f 1-1 mapping d} 


X 
"er mto a ving K- Define + and . Gn x 


Fw. all EX Xt @— ۶۲۶ t f(y) 
XY = PE fey) 
S ba: hat 1 XK, wu 


٠ے‎ Ih Eung 772a phi to A 
Daum zt 


price Fy), Fy) EK, Pl fy +f] 
and F [Pur Ftd) --E-x 


(Hs f is 1—1 amd onto mapping , fr fo) efc] 
PCF) FY) ave umquely dede 
any Phi €). elemenk "xut a fo | 
Note Thal de uitam. d + and < imply 
thal fce) = fe) ft) $ 


FOD = FY fy Yx 1E X 





Now V x, EX | | m 
| Ff (atp) (ق+-‎ = fo) + fta تی‎ 
ہے‎ NER سے‎ = fiy tF) fu 

= fo f[3r3] — 
— € FUSE 
=> (At t = ct 


Semilayly Mtf= (١+ YuyeRr 
and (323 = KET 
AC 943) =H +8 
ہہ‎ EF 9 روط‎ a 5-2 جم‎ 
f Co) w orks As Zero dw x . Sica. 


% + Flo) = EL fy +f f] 
= 2) fin) + o 
= f(fu)-x 


Ako fa ead aex , f[- foo]. waks as adl 
m Verse. because. 


B‏ |— کے 
x 4 F(-fw] = F L fw + FF CF]‏ 
PI F(X) — fu]‏ = 
f Lo)‏ = | 
Consequently (*X,*,:7. Ò arin‏ 
baa hunomer phism‏ مج پر f:‏ ہت 
cid s clearly given to be 1-1 and orto‏ 
.۰ کے × Home‏ 





S 
MN 


| 





s Gnl _Homomorphism s f 
$ fran a ring A éo aving 


an anti- hbonoma phim n. 





rr acr 
g^ /$. said p d 53 
fa dll 9 مار‎ E 2 





(a) Pl a+) = Pla +t f(b) 
() Pla) = Gh) PLY | 
Fohlem# Sef f be mapping from a ring K to 
R such that E 
V x,1 ER 


(i) fore = fMRI 

i) fox = fp O f) = fn Vase 
Prove that 3 à iler a ban ome hm OY 477 
amti - homomaphism. | 


Dolulion # Jef We -[xeK / f= fo (J 
ad یا‎ ={xéR/ fey = foto} 


Cleay We £ (C are Sub-yraips 4 Rt) 
rd eah CER QT L 
R= We ا لا‎ ( 5 /po hes ts ) 


—9 etna K-W.o& R= W 
Now suppose that F isneither a hanomaph 


NX an Amt- bono morphism - 
Since F à Det] nol a homomorphism, 
hoe exk ae K puch hat R «Wa . Hence 


Can hd be K— Wa 
This unples Flat) # fia FY 
Hone flab) = fib) fta) + ftf) +® 
But K= Walla and R Was R= 


" fal) = ft) fta) | VxeK —9o 


106 
We. claim hal bE " fral YER 
If not, 2936 Aud that b dS 
This shows Mat be ۸۷2 
Hence f = دم ری‎ + FUfit) 9. 
-—- Consider. (a +a Jb 
-EK flat) = fearg) fit) = [Fea +f] fo) 
e gef hal A 
fta) fly + falfo = Fb) = flab) fal) 
— fa = fia fv by © 
Tho ا‎ aganyist í) 
If ۲) arae] = fU fars) » fbf fa fa) 
| We ae 
fU) ft fft) = flat fia 
L (4) by O 
Shi mL 9 ná : 
Hence our claim üfrae and 
RIV = رم‎ f3) ۷١ء۸‎ —Q 
ico f نا‎ not an—anti-hanomaphirm, Mere 4 
enok CER uch that R+ W 
اج‎ d mR Such hat | 
fed) = fo ftd) + ftd) fo ۵ 
bing ame Argument AS aboye, We Cam Prove 
al 
few = fte) flu Vue& —> © 
(d) = RUFA ۷۱۶۶۸ 0 
Finaly Consider Flato (b+d] 
case T if fllaty(bedJ = Flotd flato 
= f( ab +ad 4cb4 cd) =lth tf} [ fra tfo] 
| | = fly fia + foto + fla fy tfio 
- dp 0, f ue gef 
E J fed = = f flo, : conbradlichm do © 


E) 
i 

۱ 

| 

3 








|| €aeZ # fte«o hed) = fiar fC bed) 
۱ =) f(ab  adA cbe cd) -|fta)4 fo] f fi + fta] 
ہر‎ A = TOf «fr fÜ tfoth «fo fd 
a fta) = fla ft) a conhadidm 


Hence Suy a&fevirm Thal neier f i. e. 
exe him NY dm -— amfi- Jam o a phism is 
tox- Hence the Aosult follans. 


\ JF Jhe King of Crdomaphisms of. Abelian ر770‎ 


Sef G be am additive AMelan fp: Ve. 
denote by Ham(6,G) OY by End (G, G), he 
fret 4) dll endomorphitms dJ ٠ We Shaw That 
flaw ( 6. G) Iba ring under Kuitably cle fined 
clddifim and mutiplica PE 


* Addition Composition # 
E ہو‎ all ۸رگ‎ € Hels 4 
/ ftg 27 G ento CLA (4 defined as jolla 


fte + gla) a€G‏ = ره( :ما 
We hw that fea å ako an endsmarphim -‏ 
Lv ab€G‏ 


(fF +a) (ath = flats) + 9 (ath) 
= (Fla +ga] { ga) + 7ر3‎ 
= e€ga + [fray 
Ao thal f ^A D an ہہ رز ۷و 7٭٭ نل۵ 71ے‎ 2-2 Feg € hamla. 


dt Com osie (ait osilion # 

For fg سولاے‎ 4 

lhe Composite mapping A defined os | 
(Fogo = Flaw) 


le? 

and (fog) (atl) = F[3(a49] 
= f[ at + ]ط4‎ 
= f (3) + ۴)34 


= (fo (4) -+-(fog)(b 
Hone fog ¢ Hon (6,6) 0 (fog) (5) 


(i) d Commutatvily of addihm x 


v ae G 


= 9(4) + fta) ( Go abelian} 


WV # Assouatinsy of oddil + 
Fo al AEG 
(Fry) + 4۸[()6(۸ ے‎ (Ft (a + kta 
=> fta) t 74) +k la) 
= Fla + [Gta] 


(Ftyth = f4 اہو‎ 
ہ2‎ of یہاراوہ‎ Lhbnitly E 


The ma » 
O: G —6G defined by idi. 
O( 8) = O ۲ 
ا١‎ he zero element 4) hum (G.G) 
(Fto) = FW + Oy 
5 ft 3) 1.9 
= ft» 


Gi) 4+ 


3 ftO =f 


p 


| 


V 
i 
r 


is 


Cxisemee of add, five L VEYSC #‏ کے 
؛ For am {€ Hom(¢.‏ 
s lhe mapping — f: G at cle Fined by‏ 
CPA = -ftg VES‏ 
m Hom(G 4) became Fo a ,5€6,‏ ہا 
(-—fPlath = -ftau)‏ 
fly tF]‏ |- = 
fta - ft)‏ — = 
—fe€ fon((6,6)‏ >= 





Also 
[f (C£) رہ‎ = fta — fa) = o 
= O(a) Kags 
a ور یت مرک جن‎ 
3 ریہ کل۴۶‎ y o £ lalep lication 3t 
For F. 1G2hEHem(4,4) 
| رط( رو۴‎ = fuf] pae 
= £f 2(^0) ] 
= fw) 
= [fui رم(‎ 


= (fh = fh» 
# Dyshibulvily of Muliplicalin over hollim + 


For all £g, h € Ham(6.6) | 
( fo(2*4]t»9 =fla+hi@) Yach 
Fl gla + hig} 
f 39) + $£h(4) 


2 F(gth = faith | 
Similarly il cam be proved Thal Gf -afrhf 


uou 





LO 
Gxislence of Unily # 


The identity mapping 1:6—6 (€ clearly qa 

a grep hamemerphire Of G. Sa I6 fno دک‎ 

| Furley fw any f € Hen (6.6) 
(£z) (a 


= f[Itg] = flay - ¥9€S 
° That fI- f - 


SA mila; If =£ 
Hene T ii tij d) Hom (G. G)- mses uentty 
Hom O.a) ia ving aJil unity This ying may nol 
be Com mufa hre and mo haue 6 Ero ws ors ۰ 
Theorem y Cvery ving uth amity 1s some hi < 
o a ring of Enclom arphisias of av 
abelian Group. 
27 Let R be a ring Wilh amily and (a, 
be a member d} R: The mapu 
f demote d by | 
£: R—R f(x = dx 
(^ cm endom رووا رہم‎ Q lhe add hve j ep of R. 
Ly fact we haue 
fi (rtd) = ae 


= Art dy 

> fala) + faly) 
Thus to each AER, heru Corresponds an 
endoma phism 4 d} he addihye ^" 7) K. 


dt E=th: eeKR] 


We nas Shuw hat 
= = fa tt, , bai P Y 


Now L, = (a+b) = ax+ bx 








للا 
f) + fy (X) |‏ 


= (fa + fi JO) 
27 fat Á we | 
Ako _— | | | 
fab in = (ajo = a (bx) = af fax] 
| an = fa lhe 09] 
=f of) 


Jab (x) = rp of, 
msidey now he ma yup 
P: K —E defined by 
T Pla = f VaeR 
2 Platt = Lu » fa th, 


= Plo +P C) 


Fl = Lis hof, 
|, Pia )و‎ 
=© P مہ‎ hanomer phism 
$ o clearly oto 
Alo Plaj= PH 


am ol 


> fa = £ 
2 fal) = fiy 
3 ak = bk 
=) Aa = b 

-) P ut—! 

eve. KS 


Shas thal Hom )7 Z) =7‏ # ہداز 


Č) by‏ )مم( Define f: Z—5‏ ٭بوآیلوں 
ftn) = Ty Exe‏ 
Where A(t) = nx Yx E zZ‏ 


uz 


pues 
— Í—áuná— 


Clearly To (ntg) = NLAtI) = nxeng 
: = nly) 4- Tn C3) 


Vn, P € 


Vo سے‎ 


= Tn € Ham ( 2° Z*) 
Mow 


7 ¢ Nit M) = Tomi 

and Torri (x) = (Mı +N) X 

| = 0D 47x 
= JL Ty, 
= (Un, + Tn) C 

= TRP = In, 4 nL 

Hence f (n+ Ne) = n+ ے77‎ 

| ue Ti + Tn. 


ds = fim) رو )7ے‎ 
7 (mm) = y = opm 


= fn) ftn) 


> 4 ds ang homomorphism. 


Suppose ftn) > fim) 


loce xT 


A ہر7‎ 0) = Trn OY 


3 YX = MA گیا‎ × Ezt 


x fimes 


tn =m 
Hence fo [— 4 
Frnaly af c € fam ( ہیی‎ 
olet CCU =k we Shw that 
8-2 ما‎ = flk) 
Tf xis a ما+‎ te ger ر‎ hen 
G(X) = OC/4/4/¢ - --- x fima) 
= (0)48(0)tT- - 
= X etl) -xk a Tie O9 


112 
Sf 2L 1$ a —ve integer Aay X= -Y here J 
u CLK) = OY = I. (ai han) 
So B(x) = o(!X) = k CI) - kx = Ty (0) 
Lf = o ر‎ lhem A Bb gP- hanu mar phim, 
| 9 Cx) = Os k o z )ا‎ Co) = Ta (X 
Honce ez 7k 


D نک‎ mto. Hena Z = Hml X Z') 


Cmbedlaling Theorem‏ ےگ 


H Embedding of King Ht 
Let ج۸ :مہ‎ 


be رر زبرامووبز +وہ(/‎ Mhen : 
Pika RR. p. R 


Tf eK) © R ben we 
Ae thal R is embedded \ 7 

im K^. Thus R i کے‎ 
embedded im R i? Meu 9 
exols a Suh - rro SAR 


Auth Mat 
SZR 


[Nole Hanvma phic magje $( K) /5a Sal ring IR 
Remarks # Same (4p t4 firings 4۸ €ah(G fo 


Study amd Merr sfrudures are bele, 
knau than Those 4) the oha [pd - [f one cam 
embed a Cevlaum Kin K t a rin RA such [hal 
lhe Sturtune 4 lale is bely knasn than haf d 
Lome, hem by uae? Ihe properhes d} K^ owe Cam Say 


a lot abut the Properties IR- There are 
mary precedwu À embedduig 4 me ving vite 
ano / رو‎ - 
| | We Co ne ourselue fo lre 
Ye bod. 5 جات‎ MED s 
۱ £) #Cmbedlding 4) d. rin Cty ad یں‎ ma 77 uh Gnd 
pe 4) # Embedding 4 am ontegral domain بت‎ a fidd. 

1 3) # رت سے‎ () a Ki) in a 7 d} emda mur phism s | 
l 7 Some abelian grap: 





Theorem. ( Embedding ofa King ma nng m^ umily ) 
. Very Ting R Can be embedded ma 
8 ving لاد‎ amily ; 


Proof # dej R bea Yen - 
Consider 
R RXZ 
= [om : AeR, m€Z] wher zo 
ying 4) imfegers 
Defne addilim and mulkplicahin as follass 
Fe (ri, m) , (Ya, mz) € K^ we pul 
(21, wy) + (Az, me) = (Atha, memi)  ——3(í) 





ava 
(Ay, m) CA: m = (Lhe tmh: tm ر‎ mima) 
— ——*(1) 
und the dada and mulhplicaton de fined alive 
RB vm 
Foy (Ar, my) (a2, m) , (3, m) £ AR’ 
[rm + (Az, 2)] + (bs, mi) 
= (4441, mita) + (45, 775 ) 
= (Atha ths ) mie ms y ms) 
=(Ai+ (Ai4AÀs) ر‎ Mit mae my) ) 
= (kı, m) +( ( ki, ma) + (ks 5)) 





722 / 
Similarly (Je Cam Prove. hal tiv every (nméeR 
J ,C-4,-) ER! à addihue ¢dently 4) Rand 
(Kh, +) & atouakve 
—— Consider the element (0,0 €R 
| Then for amy (4, mJ € R^ we have. | 
©, V (kim) = ( o4A4o,"7 
۱ = (k,m 
Svmila rly (A »)(o,l]) = 7 i 
So LoD ts the identi, element in R 
Consider | 
S= f (A, : AER] 
a Subsef à Ro. Naw § Ù a Aub-ving df 
Ccoune for ے ہو‎ (A1,0) Y= (Az,9) 
اج یس‎ = ( ki- A1 , o) € S E IESE ER) 
Xj = (hikz o) ES ( Aa ER) 
Jo sha hat Ris \Somear phic fo $ 
define 2 mappy] ep: 77 ریت‎ by 
PA = (A,9 YAER 
Then P 5 obyrauslg Surjeckhue. 
ove ove, for YI, Y2E R 
PCN) = P (¥) 
= (4Àio)-(À1») 
=) AQ) ہے‎ 
ہہ‎ P و‎ bijcchve 
Abo fw Yuri ER 
Pith) = (45,9) = (Y, 2) Cn, 9) 
| = P(N) + Q(z) 
Hence Pu am kanaphism 
R ZS " 
So R i embedded im ring R ch (dent 
ا(‎ 


Lab ch, (A 
/ 


n 
Theorem HE. ( — of am integral ame» 


> ma 1 


At D be am. integral domam. Then D cam, 
be embedded ma field D £ 


G= 
kp- T 


det P - f (a,b) : o,b€D, beef 
Defmea Yelalim ~ (ha) e P aà folas 
Fa (ab) (C.J € ٣ we say that 
la b) ~ (ad) <3 ad—be 
We nar shas that نہ‎ B am epiivdlenee velakm 


on P 
(a) Ke زی لن‎ # 
(a,b)e— (a.b) hecaure ab >» bq 
(b) ہزات‎ X4 For (a.c), رع)‎ deg 
Suppose (2.6) مہ‎ (c, d) 
— ad = bc 
da ما ۔‎ 
= cbh= da 
=) (csd) ~ (a,b 
Mence (ns L mmy 
© Zraesfwfas Fe (ab), (cd (e fe P 
suppose Thal (a,b) (c, d) (c, ال‎ te f, 
کے‎ 8 = be سے گے‎ de 
So adcf= bcde 
te af.cd = becd — 
Because (ا‎ cancklatim Law ui D 
af= be 
- (9.5 نہ‎ (ef) 


roof 





| IZ 
Thus رہہ)‎ - 


| A f vam we and A aw pul Valence 
Yelatim: | 
We Therefore P a ہہ:ہارلیےد/‎ d} DP 
mto EJuivdlence classes - 


| For (a,b) € ل د‎ wy 
| <s "ia by y 


le equivalence 
Q dendes the set d] 
all eruvalence classes: 


Sefp—H # 
ue Shas hat © 5 a Field: | 


ble defne additim and mitlgplicah' mn i G as 


follaws 
Fr %,w EQ 
YAY = ad4Lc » (i) 
amd a.g - ac " سے‎ 


MW We Shas that addifm and malfp'cete ga 
defined im (D £@ aye. ell- defined: 1^ e aye. 
independent d) fhe choice D ye presentakves f 
f Ui valeyace classe, involved m the نوہو رہ‎ e Ly 
oher words we aye ا‎ chas Mal 





r1 = z ad4L- — ad tte 
B گر‎ ] bal “را‎ A! 
/. 
and g a’ e. € کو = 2*5 ہے‎ 
de s adi کے و‎ b b/d! 
Vel - کے‎ and < = el 
Li TH dg 


and c ol = ctl — Q) 
tlh pey رن‎ P by dd" d ر6‎ 44 bby we have 
a b dd = all ج مال‎ @) 
and bhed سے‎ — Li/cd — —s ð 
Adan @ LO) 








Lg | 
al/4J/ Med لا لیے‎ Mcd 


2 (ad ملا روما‎ = (a +b) bd 
dd bc — ag پ‎ ve + b/c” ( wole £- x 
bd © ODI andi for) 


Hence ddditian 6 asel/ — defined. 
17ل ہ۱‎ (0 € 9 
abled’ =abcd 
نہ‎ layli =< ‘bd 


go ے‎ 
z bd ا لا‎ 


> Lulkpli cato 4 well- defined 


Dtep-TT he shaw that ander adm 
and mulhph calm defined akoe (8, + +) ba field. 
Swi ako ٤ D, کڪ‎ og2cQ 
and O42 .Se 8 a at least fuo 
elements 


+ F[ssoualive Lond P aam E 


Fr all %4, + He Ew 
سی بے ریا‎ g 
— adf طا+‎ 44de 
bd f 
— a(df) + (cf+de)-6 
b (df) 


— 24 cf-cde 
b Jf 


c 


جا یو تج 


=> addin زا‎ asociahve 


AD 


jt Com mutaifye ہو‎ # 


Cor oy, C c G 
| +a . 


ba 





رت کے — 


= 7 
fe Guilence of addilye Lolenltly a 
o, 


The element 
»6+0 ED | 7 se fiar, 
5 additye idently because Joy 


8" 


a to _ al 
L' E — ہے کے‎ 85 


2 ہ 
e E‏ 
Ĉxis lence of aa ye. (0 3‏ 3 
مس = because‏ لم € ,2 (MVerse of‏ 
f T (~%) = abate‏ 
l‏ 


Hence 6 p +) 


کر ہے کن ہے 
br b‏ 


IS an abelam gup. 


P Assouatully of al ication ¥ 


2.5, eg Fa all 





La 0۳ ( =) = We e = (ac) 
( 3 T) f ا‎ CT. 
— ae _ ہے‎ 
Lf) ~ Ils l F) 


of Mbplicatien zt‏ 2تح د 


Foy alla, Seg 


<۵ 





ٰ ! m sid سد‎ of Unily M | 
Nn سس سیل تس می‎ lf o4d ED 
A. lhem g acts. aS umiy because . 


و _ a d ad‏ 
مہ ہر رجہ ہش کہ ا ہا | ت2 


# itunes of Mal hicabve rw" of nen YO 0 5D 


=> ao ,bŁo 5 LEQ 


ea 


=> (2): = 7 l-e (a, ye (6,4) 
La DIRT Vit 


Fay al  ے‎ 2 EQ 
bf 
g Le 


— a(ef +d) 
TELE EI. 
= ay (67) + (ag) (bd) 
(62) Lf 
[&9f + ued]! 
|o 
= A(Cf +de) 
UDF) 
Hene alpacas «€ dishibuhve ower adell 
Jha <Q, + > Ra Fold. 


p Il 
Here we Shae that D š 
Embedded ہن‎ 6 . Fey his ele fine a map] 


Ake 


q:D ———58 by 


Then for k ار‎ ٤ D ۱ 
Platt Ath = اہ‎ 
: com Pla) + PY) 
aa) = 2b . 4.4 . راہ رم‎ 
- P L^ ۷و جہجن ود(‎ pho. l 
tov a,b € D 
olet fla = PY 
Dt 
>) a =l 
b I-l 


29 

cp IS :لالہ /۷ماہ‎ oto - 
Meo DEG. 

Thus Dé embeddalle 19 a field & 


Llushalion 4- The integral domain Z o f integers 15 
embedded wm e field O 4) rahmal urn bexs 
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